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Ãëàâà 1

×èñëåííûå ìåòîäû â
ëèíåéíîé àëãåáðå

� 1. Ââåäåíèå

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:

Ax = f, |A| 6= 0, (1.1)

ãäå A(m×m), x = (x1, ..., xm)T , f = (f1, ..., fm)T .

Â ýòîì êóðñå ìû áóäåì ðàññìàòðèâàòü ïðÿìûå è èòåðàöèîííûå ìåòîäû:

Ïîñ÷èòàòü îïðåäåëèòåëü ïî îïðåäåëåíèþ: ñëîæíîñòü m!
Ïî Ãàóññó: m3

3
Èòåðàöèîííûå: n→∞, xn → x
||xn − x|| < ε n0(ε)

Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ: íîðìàëüíî ðåøàåòñÿ òîëüêî ÷èñëåííî
Ax = λx, x 6= ~0
×àñòè÷íàÿ ïðîáëåìà ñîáñòâåííûõ çíà÷åíèé� íàéòè õîòÿ áû îäíî çíà÷åíèå.

Ïîëíàÿ � âñå çíà÷åíèÿ (QR-àëãîðèòì). A−1 çà m3 äåéñòâèé çà ñ÷¼ò õèòðîñòè â
àëãîðèòìå.

Ñâÿçü ìåòîäà Ãàóññà ñ ðàçëîæåíèåì ìàòðèöû íà ìíîæèòåëè.

Ìåòîä Êðàìåðà � ïëîõî ñ òî÷êè çðåíèÿ îêðóãëåíèÿ è ò.ï.
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Çàäà÷à ïðèâåäåíèÿ ìàòðèöû A ýëåìåíòàðíûìè ïðåîáðàçîâàíèÿìèê òðåóãîëü-
íîìó âèäó.

Ðàññìîòðèì 1.1:
Ïðÿìîé õîä: (ìàòðèöà A äèàãîíàëüíàÿ, cij ñâåðõó ñïðàâà, 1 ïî äèàãîíàëè, 0

âíèçó)
(m3−m)

3 äåéñòâèé íà íàõîæäåíèå êîýôôèöèåíòîâ ìàòðèöû
m(m+1)

2 íà ïðàâûå ÷àñòè
m(m−1)

2 îáðàòíûé õîä
Âîçìîæåí ñëó÷àé, êîãäà ìàòðèöà A ïðåäñòàâèìà â âèäå

A = B × C (1.2)

� íå êàæäóþ ìàòðèöó ìîæíî ïðåäñòàâèòü â òàêîì âèäå.

aij =
m∑
l=1

bilclj =

i−1∑
l=1

bilclj + biicij +
m∑

l=i+1

bilclj

B � íèæíÿÿ äèàãîíàëüíàÿ ìàòðèöà, C � âåðõíÿÿ äèàãîíàëüíàÿ ìàòðèöà ñ åäèíè-
öàìè íà äèàãîíàëè ⇒

aij = biicij +
i−1∑
l=1

bilcij, bii 6= 0

cij =

aij −
i−1∑
l=1

bilcij

bii
, i ≤ j (1.3)

aij =
i−1∑
l=1

bilclj + biicij +
m∑

l=i+1

bilclj = 0⇒

bij = aij −
j−1∑
l=1

bi,lcl,j, i ≥ j (1.4)

Ôîðìóëû 1.3, 1.4 � ðåêóððåíòíûå. Îíè ñâÿçûâàþò B è C.
Ñîîòíîøåíèå íåëèíåéíîå, íî ïðè ðàçóìíîé îðãàíèçàöèè àëãîðèòìà íà ýòî ìîæ-

íî çàêðûòü ãëàçà.
Ðàçóìíàÿ îðãàíèçàöèÿ: b11 = a11

äàëåå ïî ôîðìóëå 1.3 ⇒ c1j =
a1j
b11
, j = 2...m

ïî ôîðìóëå 1.4 ⇒ bi1 = ai1, i = 2...m
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� 2. Ðàçëîæåíèå ìàòðèöû íà ìíîæèòåëè. Ñâÿçü ðàç-
ëîæåíèÿ ñ ìåòîäîì Ãàóññà

Âî ââåäåíèè ìû ïîëó÷èëè ôîðìóëó ïðè bi,i 6= 0

ci,j =


ai,j −

j−1∑
l=1

bi,lcl,j, i ≥ j

ai,j−
i−1∑
l=1

bi,lcl,j

bi,i
, i ≤ j

Ðàçëîæåíèå âîçìîæíî ïðè îïðåäåëåííûõ óñëîâèÿõ. Ñôîðìóëèðóåì äîñòàòî÷-
íûå óñëîâèÿ ðàçëîæåíèÿ ìàòðèöû A: A = BC.

Óòâåðæäåíèå:
Ïóñòü âñå ãëàâíûå óãëîâûå ìèíîðû ìàòðèöû A îòëè÷íû îò íóëÿ:

41 = a11 6= 0

42 =

[
a1,1 a1,2

a2,1 a2,2

]
6= 0

4n =


a1,1 a1,2 . . . a1,n

a2,1 a2,2 . . . a2,n

. . . . . . . . . . . .
an,1 an,2 . . . an,n

 6= 0 , i = 1, 2, . . . , n

Òîãäà ôàêòîðèçàöèÿ ìàòðèöû A âîçìîæíà è íàõîäèòñÿ åäèíñòâåííûì îáðàçîì.
Äîêàçàòåëüñòâî:
Äëÿ óäîáñòâà ââåäåì

40 = 1

Ðàñïèøåì ìàòðèöó Ai êàê ïðîèçâåäåíèå ìàòðèö Bi è Ci: Ai = BiCi. Îïðåäå-
ëèòåëü ïðîèçâåäåíèÿ ìàòðèö åñòü ïðîèçâåäåíèå îïðåäåëèòåëåé ìàòðèö. Òîãäà

4i =| Ai |=| Bi || Ci |,

ãäå | Ci |= 1.
Òîãäà

4i = b11b22 · · · bi−1,i−1bi,i ⇒ bi,i =
4i

4i−1
, i = 1, 2, . . . , n

÷òä.
Âñå ýëåìåíòû bi,i îòëè÷íû îò íóëÿ.
Çàìå÷àíèå:
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Óñëîâèå îòëè÷èÿ îò íóëÿ âñåõ óãëîâûõ ìèíîðîâ ÿâëÿåòñÿ äîñòàòî÷íûì. Íà
ïðàêòèêå ýòî íå ÿâëÿåòñÿ æåñòêèì òðåáîâàíèåì. Íàïðèìåð â ôèçèêå è õèìèè
ïðèñóòñòâóþò ñàìîñîïðÿæåííûå îïåðàòîðû. Ìû íå ñòàâèëè ïåðåä ñîáîé çàäà÷ó
äîêàçûâàòü óòâåðæäåíèå ñ ìèíèìàëüíûìè òðåáîâàíèÿìè.

Äëÿ ÷åãî íóæíà ôàêòîðèçàöèÿ? Îòâåò: äëÿ óäîáñòâà ðåøåíèÿ àëãåáðàè÷åñêèõ
óðàâíåíèé.

Ax = f, | A |6= 0, A = (m,m) (1.5)

Ðàññìîòðèì ñâÿçü Ìåòîäà Ãàóññà ñ ðàçëîæåíèåì ìàòðèöû A íà ìíîæèòåëè
A = BC, çàòåì ïîêàæåì ýôôåêòèâíîñòü ìåòîäà.
BCx = f ⇒

BY = f (1.6)

CX = Y (1.7)

Ðåøåíèå ñèñòåìû 1.5 ðàñïàëîñü íà äâà. Èç 1.6 íàõîäèì Y è ïîäñòàâëÿåì â 1.7,
îòêóäà íàõîäèì X

Çàäà÷à 1:
Äîêàçàòü, ÷òî íàõîæäåíèå ìàòðèö B è C òðåáóåò m3−m

3 óìíîæåíèé è äåëåíèé.
Ðåøåíèå:
Ïî ôîðìóëàì ôàêòîðèçàöèè

bij = aij −
j−1∑
l=1

bilclj, i ≥ j

Äëÿ âû÷èñëåíèÿ êàæäîãî bij ïîòðåáóåòñÿ j − 1 îïåðàöèÿ óìíîæåíèÿ. Îòïóñòèì
èíäåêñ j:

i∑
j=1

(j − 1) =
i(i− 1)

2

.
Îòïóñòèì èíäåêñ i:

m∑
i=1

i(i− 1)

2
=

1

2

m∑
i=1

i2 − 1

2

m∑
i=1

i =

=
m(m+ 1)(2m+ 1)

12
− m(m+ 1)

4
=

(m− 1)m(m+ 1)

6
Èìååì

cij =

aij −
i−1∑
l=1

bilclj

bii
, i < j.
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Äëÿ âû÷èñëåíèÿ êàæäîãî cij ïîòðåáóåòñÿ j− 1 îïåðàöèÿ óìíîæåíèÿ è 1 îïåðàöèÿ
äåëåíèÿ.
Îòïóñòèì èíäåêñ i:

j−1∑
i=1

j =
(j − 1)j

2

Îòïóñòèì èíäåêñ j:

1

2

m∑
j=1

(j − 1)j =
1

2

m∑
j=1

j2 − 1

2

m∑
j=1

j =

=
m(m+ 1)(2m+ 1)

12
− m(m+ 1)

4
=

(m− 1)m(m+ 1)

6

Ñóììèðóåì ñ ïðåäûäóùèì ðåçóëüòàòîì: 2 (m−1)(m+1)m
6 = m3−m

3 .

ßñíî, ÷òî îñíîâíàÿ ðàáîòà èäåò íà ôàêòîðèçàöèþ. Ñîïîñòàâèì ýòî ñ ìåòîäîì
Ãàóññà.

Ñèñòåìó A ñâîäèì ê âåðõíåé òðåóãîëüíîé ìàòðèöå (ïðÿìîé õîä):

A =


1 c1,2 c1,3 . . . ci,j
0 1 c2,2 . . . c2,j

. . . . . . . . . . . . . . .
0 0 0 . . . 1


1-ÿ ñâÿçü: ðàñïèøåì ñèñòåìû 1.6 è 1.7 ïî êîîðäèíàòàì

1.6 : bi,1y1 + bi,2y2 + · · ·+ bi,iyi = fi, i = 1, 2, . . . , n

1.7 : xi + ci,i+1xi+1 + · · ·+ ci,mxm = yi, i = 1, 2, . . . ,m

Âûðàçèì èç 1.6 âåêòîð y: c÷èòàÿ, ÷òî bi,i 6= 0

yi =

fi −
i−1∑
l=1

abi,lyl

bi,i
, i = 1, 2, · · · ,m

Èç 1.7 âûðàçèì âåêòîð x:

xi = yi −
m∑

l=i+1

ci,lxl

Ïîñ÷èòàåì êîëè÷åñòâî äåéñòâèé. Â yi íàõîäèòñÿ i − 1 óìíîæåíèé è 1 äåëåíèå.
Èòîãî i äåéñòâèé.
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Ò.ê. i = 1, 2, . . . ,m⇒

m∑
i=1

i = 1 + 2 + · · ·+m = { àðèôìåòè÷åñêàÿ ïðîãðåññèÿ} =
m(m− 1)

2

Â ìåòîäå Ãàóññà íà ïðåîáðàçîâàíèå ïðàâîé ÷àñòè (â ïðÿìîì õîäå ìåòîäà Ãàóññà)

óõîäèò m(m−1)
2 äåéñòâèé.

Ðàññìîòðèì 1.7:
xi = yi −

∑∑
ci,lxl → (m− i) óìíîæåíèé ïðè ôèêñèðîâàííîì i.

Òåïåðü îòïóñêàåì i ⇒ (m − 1) + (m − 2) + · · · + 1 = m(m−1)
2 . Ñòîëüêî æå â

îáðàòíîì õîäå ìåòîäà Ãàóññà.
Òàêèì îáðàçîì ìåòîä Ãàóññà òðåáóåò m3

3 + m2 − m
3 . Áîëüøàÿ ÷àñòü îïåðàöèé

óõîäèò íà ôàêòîðèçàöèþ.

� 3. Îáðàùåíèå ìàòðèö ìåòîäîì Ãàóññà-Æîðäàíà

Ýòà òåìà ÿâëÿåòñÿ î÷åíü âàæíîé.

Àëãåáðàè÷åñêàÿ ïîñòàíîâêà çàäà÷è: ïóñòü äàíà êâàäðàòíàÿ íåâûðîæäåííàÿ
ìàòðèöà A(m,m), | A |6= 0.

Ïî îïðåäåëåíèþ ìàòðèöà A íàçûâàåòñÿ îáðàòíîé, åñëè A−1A = AA−1 = E,
ãäå E-åäèíè÷íàÿ ìàòðèöà.

Ñóùåñòâóåò 2 ìåòîäà îáðàùåíèÿ:
1)

×åðåç àëãåáðàè÷åñêèå äîïîëíåíèå. Ýòî íåýêîíîìè÷íûé ìåòîä⇒ (m− 1)! äåé-
ñòâèé. À ìû ðåøàåì çàäà÷è áîëüøîãî ïîðÿäêà. Íàïðèìåð áûâàþò òðåõìåðíûå
íåñòàöèîíàðíûå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ïîðÿäêà 106.

Ïóñòü A−1 = X. Â ìàòðèöå X m2 ýëåìåíòîâ. Òîãäà èìååì

AX = E (1.8)

ÑËÀÓ →
m∑
l=1

ai,lxl,j = σi,j ïî êîîðäèíàòàì. Ñàìûé ýêîíîìè÷íûé ìåòîä. Äîêàæåì,

÷òî ìîæíî çàòðàòèòü m3 îïåðàöèé íà ðàáîòó äàííîãî ìåòîäà.
Ñèñòåìà AX = f ìîæåò ðàñïàñòüñÿ íà m ñèñòåì. Òàêèì îáðàçîì ìû ñîêðàòèì

êîëè÷åñòâî äåéñòâèé.
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2)
Ðàññìîòðèì îáðàùåíèå Ãàóññà-Æîðäàíà. Ââåäåì âåêòîð ñòîëáåö Xj =

(x1,j, . . . , xm,j)
T

σj = (0, 0, . . . , 0, 1, 0, . . . , 0, 0)T

Äëÿ îáðàùåíèÿ íåîáõîäèìî ðåøèòü m ñèñòåì

AXj = σj, j = 1, 2, . . . ,m (1.9)

Ïðèìåíèì ôàêòîðèçàöèþ. Ïóñòü óãëîâûå ìèíîðû îòëè÷íû îò íóëÿ ⇒
BCX(j) = σ(j), CX(j) = Y (j)

BY (j) = σ(j) (1.10)

CX(j) = Y (j), j = 1, 2, . . . ,m (1.11)

Â ñîâîêóïíîñòè m2 äåéñòâèé. Ò.ê. m ñèñòåì ⇒ m3 äåéñòâèé.

Îäèí ðàç ïðîâåäåì ôàêòîðèçàöèþ ⇒ m3 + m3−m
3 . Èòîãî 4

3m
3 − m

3 .
Åñëè âîñïîëüçîâàòüñÿ ñïåöèôèêîé âèäà ìàòðèö, òî âîçìîæíî ïîëó÷èòü m3

äåéñòâèé. Ïîêàæåì ýòî.

Ïóñòü B � íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà. Ïîñìîòðèì ðåøåíèå ñèñòåìû 1.10:

b1,1y
(j)
1 = 0⇒ y

(j)
1 = 0

b2,1y
(j)
1 + b2,2y

(j)
2 = 0⇒ yj2 = 0

àíàëîãè÷íî äî (j − 1)

bj−1,1y
(j)
1 + bj−1,2y

(j)
2 + · · ·+ b(j−1),i−1y

(j)
j−1 = 0⇒

y
(j)
j = 0, i ≤ j − 1

bj,jy
(j)
j = 1⇒ y

(j)
j =

1

bj,j
, i = j

bi,jy
(j)
j + bi,j+1y

(j)
j+1 + · · ·+ bi,iy

(j)
i = 0⇒

y
(j)
i = −

i−1∑
l=j

bi,ly
(j)
l

bi,i
, i = j + 1, j + 2, . . . ,m

Ñíà÷àëà ôèêñèðóåì i è j è ñ÷èòàåì êîëè÷åñòâî äåéñòâèé. Èòîãî 1 äåëåíèå è (i-j)
óìíîæåíèé.

Îòïóñêàåì èíäåêñ i:

m− j + (m− j − 1) + . . .+ 2 + 1 =
m− j + 1 +m− j

2
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óìíîæåíèé ïðè ôèêñèðîâàííîì i. Åùå îäíî äåëåíèå ïðè (i = j) è m− j äåëåíèé.
Èòîãî ïðè ôèêñèðîâàííîì j ⇒ (m−j+1)(m−j+2)

2 äåéñòâèé.

Îòïóñêàåì èíäåêñ j, ò.ê. j = 1, 2, . . . ,m⇒
m∑
j=1

(m−j+1)(m−j+2)
2 äåéñòâèé.

Çàäà÷à 2:
Äîêàçàòü, ÷òî äëÿ ðåøåíèÿ ñèñòåìû 1.10 íåîáõîäèìî m(m+1)(m+2)

6 è äëÿ ðåøåíèÿ

ñèñòåìû 1.11: m(m−1)
2 , j = 1, 2, . . . ,m⇒ âñåãî m2(m−1)

2 óìíîæåíèé è äåëåíèé.
Ðåøåíèå:
Ïóñòü k = m− j + 1 ⇒

m∑
k=1

k(k + 1)

2
=

m∑
k=1

k

2
+

m∑
k=1

k2

2
=

k(k + 1)

4
+
k(k + 1)(2k + 1)

12
=

3k(k + 1) + k(k + 1)(2k + 1)

12
=
k(k + 1)(k + 2)

6
.

Ðåøåíèå ñèñòåìû 1.11 òðåáóåò m(m−1)
2 äåéñòâèé (ïðÿìîé õîä ìåòîäà Ãàóññà).

Ïîñêîëüêó âñåãî m ñèñòåì ïîòðåáóåòñÿ⇒ m2(m−1)
2 äåéñòâèé óìíîæåíèÿ è äåëåíèÿ

äëÿ èõ ðåøåíèÿ ⇒
Îáùåå êîëè÷åñòâî äåéñòâèé íà îáðàùåíèå ìàòðèöû m3−m

3 + m(m+1)(m+2)
6 +

m3−m2

6 = 2m3−2m+m3+3m2+2m+3m−3
6 = m3.

� 4. Ìåòîä êâàäðàòíîãî êîðíÿ

Ðàññìîòðèì ñèñòåìó
Ax = f, (1.12)

ãäå A-ýðìèòîâà íåâûðîæäåííàÿ ìàòðèöà.

Ïî îïðåäåëåíèþ: ai,j = āj,i, A = A∗, | A |6= 0, A(m,m).
Ñóçèâ êëàññ, ìû äîëæíû ïîëó÷èòü áîëåå ñèëüíûé ðåçóëüòàò. Ôàêòîðèçóåì

ìàòðèöó A áîëåå õèòðûì ñïîñîáîì â âèäå A = S∗DS

D =


d1,1 0 0 . . . 0 0 0
0 d2,2 0 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 0 dm,m


, ãäå di,i = ±1, i = 1, . . . ,m.

S =


s1,1 s2,2 . . . s1,m

0 s2,1 . . . s2,m

. . . . . . . . . . . .
0 0 . . . sm,m

 ,
10



ãäå si,i > 0, i = 1, 2, . . . ,m.

Ïóñòü A =

[
a1,1 a1,2

a1,2 a2,2

]
, D =

[
d1,1 0
0 d2,2

]
, S =

[
s1,1 s1,2

0 s2,2

]
.

S∗ = ST =

[
s1,1 0
s1,2 s2,2

]
Òîãäà DS =

[
d1,1 0
0 d2,2

] [
s1,1 s1, 2
0 s2,2

]
=

[
d1,1s1,1 d1,1s1,2

0 d2,2s2,2

]
S∗DS =

[
s1,1 0
s1,2 s2,2

] [
d1,1s1,1 d1,1s1,2

0 d2,2s2,2

]
=

[
d1,1s

2
1,1 s1,1d1,1s1,2

s1,1d1,1s1,2 d2,2s
2
2,2

]
⇒

a1,1 = d1s
2
1,1

a1,2 = s1,1d1,1s1,2

a2,2 = d2,2s
2
2

⇒ d1,1 = sign a1,1 → s1,1 =
√
| a1,1 |

⇒ s1,2 =
a1,2

s1,1d1,1
→ d2,2 = sign a2,2

⇒ s2,2 =
√
| a2,2 |

⇒ s2
22d22 = a22 − s2

12d11 ⇒
⇒ d22 = sign(a22 − s2

12d11)⇒

⇒ s22 =
√
|a22 − d11s2

12|

Äëÿ ôàêòîðèçàöèè ìàòðèöû ñèñòåìà äîëæíà áûòü ðàçðåøèìà.
Òàêèì îáðàçîì, äëÿ âåùåñòâåííîé ñàìîñîïðÿæåííîé ìàòðèöû ðàçëîæåíèå âîç-

ìîæíî è íàõîäèòñÿ ïî ÿâíûì ôîðìóëàì.

Ïðèìå÷àíèå:
Äëÿ êîððåêòíîñòè äåéñòâèé íåîáõîäèìî íàëîæèòü ñîîòâåòñòâóþùèå îãðàíè-

÷åíèÿ íà èñõîäíóþ ìàòðèöó (òàê êàê â ïðîöåññå ïðåîáðàçîâàíèé ìû âûïîëíÿëè
äåëåíèå). Â äàííîì ñëó÷àå, îãðàíè÷åíèé, íàêëàäûâàåìûõ äëÿ îáåñïå÷åíèÿ âîç-
ìîæíîñòè ôàêòîðèçàöèè ìàòðèöû, âïîëíå äîñòàòî÷íî.

Ðàññìîòðèì òåïåðü îáùèé ñëó÷àé: ýðìèòîâó ìàòðèöó A â êîìïëåêñíîì ïðî-
ñòðàíñòâå, è ñîîòâåòñòâóþùóþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:

Ax = f, |A| 6= 0, A(m×m), A = A∗

Áóäåì èñêàòü ïðåäñòàâëåíèå ìàòðèöû A â âèäå

A = S∗DS, (1.13)
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ãäå S � âåðõíÿÿ òðåóãîëüíàÿ ïîëîæèòåëüíàÿ ìàòðèöà (sij > 0),
D = diag(d11, . . . , dmm), dii = ±1

S∗ � íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà ñ ýëåìåíòàìè s̄ji.
Òàê êàê D - äèàãîíàëüíàÿ ìàòðèöà, òî:

(DS)ij =
m∑
l=1

dilslj = diisij, sii > 0

Ó÷ò¼ì, ÷òî: sij = s̄ji.
Òîãäà

aij = (S∗DS)ij =
m∑
l=1

s̄lidllslj, i ≤ j

Âûäåëèì èç ñóììû i-ûé ýëåìåíò:

aij = (S∗DS)ij =
i−1∑
l=1

s̄lidllslj + s̄iidiisij +
m∑

l=i+1

s̄lidllslj (1.14)

Â ñèëó âèäà ìàòðèöû S sli = 0, l > i, ïîñëåäíÿÿ ñóììà ðàâíà 0.
Çàïèøåì âûðàæåíèå äëÿ aii:

aii = (S∗DS)ii =
i−1∑
l=1

s̄lidllsli + s̄iidiisii

.
Òàê êàê s̄lisli = |sli|2, òî

s2
iidii = aii −

i−1∑
l=1

|sli|2dll

Îòñþäà

dii = sign(aii −
i−1∑
l=1

|sli|2dll)

sii =

√√√√|aii − i−1∑
l=1

|s2
lidll|

(ñ ó÷¼òîì ïîëîæèòåëüíîñòè sij).

Èç èñõîäíîé ôîðìóëû 1.14 îêîí÷àòåëüíî íàõîäèì:

sij =

aij −
i−1∑
l=1

s̄lidllslj −
m∑

l=i+1

s̄lidllslj

s̄iidii

12



Ïðèìå÷àíèå:
�×åðòó� íàä sii ñòàâèòü íåîáÿçàòåëüíî, òàê äèàãîíàëüíûå ýëåìåíòû ìàòðèöû

S âåùåñòâåííû (ñì. âûøå).

Òàêèì îáðàçîì, ïðè îïðåäåëåííûõ óñëîâèÿõ èñõîäíóþ ìàòðèöó ìîæíî ïðåîá-
ðàçîâàòü ê âèäó 1.13.

Ðàññìîòðèì ïðèìåíåíèå äàííîãî ðàçëîæåíèÿ ê ðåøåíèþ ñèñòåìû ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé:

Ax = f

S∗DSx = f (1.15)

Îáîçíà÷èì
DSx = y. (1.16)

Òîãäà ïîëó÷èì äâå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:{
S∗y = f

DSx = y

Òîãäà îáðàùàÿ S, ìîæåì ëåãêî ïîñ÷èòàòü y, à ðåøàÿ óðàâíåíèå 1.16 - ïîñ÷èòàòü
x.

Îá ýôôåêòèâíîñòè ýòîãî ìåòîäà:
Íàì ïðèä¼òñÿ ðåøàòü óðàâíåíèÿ òîëüêî ïðè i ≤ j, ñëåäîâàòåëüíî, äëÿ ðåøåíèÿ
ýòèõ äâóõ ñèñòåì ïîòðåáóåòñÿ, ãðóáî ãîâîðÿ, m

3

6 óìíîæåíèé è äåëåíèé (âûèãðûø
ïî ñðàâíåíèþ ñ ìåòîäîì Ãàóññà - â äâà ðàçà!), à òàêæå m èçâëå÷åíèé êâàäðàòíîãî
êîðíÿ (îòñþäà, êñòàòè, ìåòîä íàçûâàåòñÿ ìåòîäîì êâàäðàòíîãî êîðíÿ).

Òàêèì îáðàçîì, åñëè ìàòðèöà ýðìèòîâà, òî îäèí èç ýôôåêòèâíûõ ïðÿìûõ ìå-
òîäîâ ðåøåíèÿ ÑËÀÓ - ìåòîä êâàäðàòíîãî êîðíÿ, êîòîðûé òðåáóåò ìåíüøå äåé-
ñòâèé, ÷åì ìåòîä Ãàóññà.

Íà ïðàêòèêå, ìû ëåãêî ìîæåì àëãîðèòìè÷åñêè ðåàëèçîâàòü ðåøåíèå ÑËÀÓ
ïðÿìûìè ìåòîäàìè, íàïðèìåð, ìåòîäîì Ãàóññà. Ó÷èòûâàÿ ñïåöèàëüíûå âèäû ìàò-
ðèö (äèàãîíàëüíûå, áëî÷íûå è ò.ä.), êîòîðûå ÷àñòî âñòðå÷àþòñÿ íà ïðàêòèêå, ìû
ñìîæåì ñîêðàòèòü êîëè÷åñòâî äåéñòâèé.

Çà÷åì æå âîçíèêëà íåîáõîäèìîñòü ïðèìåíÿòü èòåðàöèîííûå ìåòîäû ðåøåíèÿ?
Îá ýòîì - â ñëåäóùåì ïàðàãðàôå.

� 5. Ïðèìåðû è êàíîíè÷åñêèé âèä èòåðàöèîííûõ
ìåòîäîâ ðåøåíèÿ ÑËÀÓ

Ðàññìîòðèì ÑËÀÓ:
Ax = f, (1.17)
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ãäå A - ìàòðèöà ðàçìåðà (m ×m), |A| 6= 0, x = (x1, . . . , xm)T , f = (f1, . . . , fm)T

(Ìàòðèöà óæå íåîáÿçàòåëüíî ýðìèòîâà).

Çà÷åì íóæíû èòåðàöèîííûå ìåòîäû ðåøåíèÿ? Âî-ïåðâûõ, íà ïðàêòèêå ïðàâûå
÷àñòè ñèñòåìû îáû÷íî çàäàíû ñ íåêîòîðîé òî÷íîñòüþ. Ïðÿìîé ìåòîä äà¼ò òî÷íîå
ðåøåíèå ýòîé ñèñòåìû. Íàì æå äîñòàòî÷íî ðåøåíèÿ, âåðíîãî ñ òîé æå òî÷íîñòüþ,
÷òî è ïðàâàÿ ÷àñòü.

Âî-âòîðûõ, êîëè÷åñòâî äåéñòâèé ïðÿìûõ ìåòîäîâ ðåøåíèÿ ïðîïîðöèîíàëüíî
m3. Ðàññìîòðåííûå íèæå ìåòîäû ïîçâîëÿþò íàéòè ðåøåíèå âñåãî çà m èòåðàöèé.

Ðàññìîòðèì èòåðàöèîííûå ìåòîäû ßêîáè (êîòîðûé òàêæå íàçûâàþò ìåòîäîì
ïðîñòîé èòåðàöèè) è Çåéäåëÿ.

Èç íåâûðîæäåííîñòè ìàòðèöû ñëåäóåò, ÷òî ðåøåíèå ÑËÀÓ ñóùåñòâóåò è åäèí-
ñòâåííî. Ïåðåïèøåì ñèñòåìó 1.17 ïîêîîðäèíàòíî:

m∑
j=1

aijxj = fi, i = 1, . . . ,m (1.18)

Íà÷íåì ñ ìåòîäà ßêîáè (Ìß). Âûäåëèì èç ñóììû i-îå ñëàãàåìîå:

i−1∑
j=1

aijxj + aiixi +
m∑

j=i+1

aijxj = fi, i = 1, . . . ,m

Ïóñòü aii 6= 0. Òîãäà ìîæíî âûðàçèòü xi:

xi =
fi − Σi−1

j=1aijxj − Σm
j=i+1aijxj

aii

Îáîçíà÷èì ÷åðåç xni i n-óþ èòåðàöèþ i-îé êîîðäèíàòû.

Çàïèøåì ìåòîä ßêîáè (Ìß). ×òîáû åãî îðãàíèçîâàòü, �íàâåøèâàåì� n + 1 â
ëåâîé ÷àñòè:

xn+1
i =

fi
aii
−

i−1∑
j=1

aij
aii
xnj −

m∑
j=i+1

aij
aii
xnj , n = 0, 1, . . . , i = 1, . . . ,m (1.19)

Äëÿ òîãî, ÷òîáû íà÷àòü âû÷èñëåíèå, íóæíà íåêîòîðàÿ íóëåâàÿ èòåðàöèÿ. Ìû
ñ÷èòàåì, ÷òî îíà çàäàíà (ò.å. x0) - íà÷àëüíîå ïðèáëèæåíèå). Ïîçæå ìû ïîêàæåì,
÷òî íà÷àëüíîå ïðèáëèæåíèå ìîæåò áûòü ëþáûì.

Èòàê, ïîëó÷àåì èòåðàöèîííûé ìåòîä, ïðè÷åì âû÷èñëåíèå êàæäîé èòåðàöèè
ìû ïðîèçâîäèì ïî ÿâíûì ôîðìóëàì.

Ìåòîä, êîíå÷íî, íóæíî îáîðâàòü íà êàêîì-òî ýòàïå, îí äîëæåí áûòü êîíå÷-
íûì. Ìû ïðåêðàùàåì âû÷èñëåíèÿ, êîãäà â íåêîòîðîé íîðìå äîñòèãíåì íóæíîé
òî÷íîñòè, ò.å. êîãäà ||xn − x|| < eps ïðè íåêîòîðîì n.
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Çàïèøåì òåïåðü ìåòîä Çåéäåëÿ (ÌÇ):

xn+1
i =

fi
aii
−

i−1∑
j=1

aij
aii
xn+1
j −

m∑
j=i+1

aij
aii
xnj , n = 0, 1, . . . ; i = 1, . . . ,m (1.20)

Íà÷àëüíîå ïðèáëèæåíèå x0 òàêæå ñ÷èòàåì çàäàííûì èçíà÷àëüíî.
Ìåòîä ßêîáè ÿâëÿåòñÿ ÿâíûì, òàê êàê âû÷èñëÿåòñÿ ïî ÿâíûì ôîðìóëàì. Ìå-

òîä Çåéäåëÿ - íåÿâíûé. Íî åñëè ðàçóìíî îðãàíèçîâàòü ïðîöåññ âû÷èñëåíèé, à
èìåííî � íà÷èíàòü ïðîöåññ âû÷èñëåíèé ñ ïåðâîé êîîðäèíàòû, òî êàæäóþ èòåðà-
öèþ ìû âû÷èñëèì â ÿâíîì âèäå:

xn+1
1 =

f1

a11
−

m∑
j=2

a1j

a11
xnj

xn+1
2 =

f2

a22
− a21

a22
xn+1

1 −
m∑
j=3

a2j

a22
xnj

è ò.ä.

Ïîçæå, êîãäà ìû äîêàæåì òåîðåìó î äîñòàòî÷íûõ óñëîâèÿõ ñõîäèìîñòè èòåðà-
öèîííûõ ìåòîäîâ, òî óâèäèì, ÷òî ïðîâåðêà äëÿ ÌÇ ïðîùå, ÷åì äëÿ Ìß. Â ýòîì
ïðåèìóùåñòâî ìåòîäà Çåéäåëÿ. Ïðè ýòîì ñòàíåò âèäíî, ÷òî ñêîðîñòü ñõîäèìîñòè
îáîèõ ìåòîäîâ ìåäëåííàÿ ïî ñðàâíåíèþ ñ äðóãèìè èòåðàöèîííûìè ìåòîäàìè.

Ïðè ðàññìîòðåíèè èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿ ÑËÀÓ îáû÷íî âîçíèêàåò 2
âîïðîñà:

1. Âîïðîñ ñõîäèìîñòè: eñòü ëè óñëîâèÿ, ïðè êîòîðûõ ìåòîä áóäåò ñõîäèòüñÿ?

Ïðè ýòîì âàæíî ïîíèìàòü, ÷òî êàê òîëüêî ìû ãîâîðèì î ñõîäèìîñòè íåêî-
òîðîãî ìåòîäà, íóæíî óêàçûâàòü, â êàêîé íîðìå äîêàçàíà ñõîäèìîñòü. Èç
ñõîäèìîñòè â îäíîé íîðìå, âîîáùå ãîâîðÿ, íå ñëåäóåò ñõîäèìîñòü ïî äðóãîé
íîðìå.

(Ýòî èíîãäà âûòåêàåò èç íåêîòîðûõ òåîðåì (èç 4 êóðñà) - èç áîëåå ñèëü-
íîé ìåòðèêè ìîæíî ïîëó÷èòü ñõîäèìîñòü â áîëåå ñëàáîé, íî íå âñåãäà).

2. Ñêîðîñòü ñõîäèìîñòè: à íàäî ëè ïîëó÷èòü íàèáîëåå áûñòðóþ ñêîðîñòü ñõî-
äèìîñòè, è ïðè êàêèõ óñëîâèÿõ ñõîäèìîñòü áóäåò íàèáîëåå áûñòðàÿ? ÇÛ:
êîíå÷íî íàäî!

Äëÿ èññëåäîâàíèÿ ýòèõ äâóõ âîïðîñîâ óäîáíî ñèñòåìû ðàññìàòðèâàòü â ìàò-
ðè÷íîì âèäå.

Ïðåäñòàâèì ìàòðèöó A â âèäå

A = R1 +D +R2,
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ãäå

S =


0 0 . . . 0
a21 0 . . . 0
...

... . . . ...
am1 am2 . . . 0


� íèæíåòðåóãîëüíàÿ ìàòðèöà. Îòíîñèòåëüíî ïåðâîé ïîáî÷íîé äèàãîíàëè, ñ íóëÿ-
ìè íà ãëàâíîé äèàãîíàëè

D =


a11 0 . . . 0
0 a22 . . . 0
...

... . . . ...
0 0 . . . amm


� äèàãîíàëüíàÿ ìàòðèöà,

R2 =


0 a12 . . . a1m

0 0 . . . a2m
...

... . . . ...
0 0 . . . 0


�âåðõíåòðåóãîëüíàÿ ìàòðèöà ñ íóëÿìè íà ãëàâíîé äèàãîíàëè.

Ìîæåì ïåðåïèñàòü ñèñòåìó â ìàòðè÷íîì âèäå. (Ïîçæå ìû óâèäèì, ÷òî òîãäà
âñå èòåðàöèîííûå ìåòîäû, êîòîðûå ìû èçó÷àåì, èññëåäóþòñÿ åäèíûì îáðàçîì - â
ýòîì çàñëóãà Ñàìàðñêîãî).

R1x+Dx+R2x = f

Dx = f −R1x−R2x

Ïðåäïîëîæèì, ÷òî ìàòðèöà D èìååò îáðàòíóþ (ò.å. aii îòëè÷íû îò íóëÿ). Òîãäà:

x = D−1f −D−1R1x−D−1R2x

Çàïèøåì ìåòîäû ßêîáè è Çåéäåëÿ (âåêòîð íà÷àëüíîãî ïðèáëèæåíèÿ x0 òàê
æå, êàê è ðàíüøå, ñ÷èòàåì çàäàííûì):

Dxn+1 = f −R1x
n −R2x

n (1.21)

- ìåòîä ßêîáè,
(D +R1)x

n+1 = f −R2x
n (1.22)

- ìåòîä Çåéäåëÿ.

Ìîæåì èõ ïåðåïèñàòü è â áîëåå óäîáíîì âèäå:

D(xn+1 − xn) + Axn = f (1.23)
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(D +R1)(x
n+1 − xn) + Axn = f (1.24)

Èç ïîñëåäíåãî ïðåäñòàâëåíèÿ õîðîøî âèäíî, ÷òî ïðè íàëè÷èè ñõîäèìîñòè ìå-
òîäà ìû ïðèõîäèì (â ïðåäåëå) ê òî÷íîìó ðåøåíèþ ñèñòåìû.

Òàê ìû ïðèõîäèì ê êàíîíè÷åñêîìó âèäó èòåðàöèîííûõ ìåòîäîâ.
Îïðåäåëåíèå:
Êàíîíè÷åñêîé ôîðìîé çàïèñè äâóõñëîéíîãî èòåðàöèîííîãî ìåòîäà ðåøåíèÿ

ñèñòåìû 1.17 íàçûâàåòñÿ åãî çàïèñü â âèäå:

Bn+1
xn+1 − xn

τ
+ Axn = f, n = 0, 1, . . . ; (1.25)

x0 - çàäàí, τn+1 > 0 - èòåðàöèîííûé ïàðàìåòð, Bn+1 - îáðàòèìàÿ ìàòðèöà.

Ïðèìå÷àíèå:
Çà÷åì íóæåí ïîëîæèòåëüíûé èòåðàöèîííûé ïàðàìåòð? Ýòî ïîçâîëÿåò óñêî-

ðèòü ñêîðîñòü ñõîäèìîñòè. Âûáîð èòåðàöèîííîãî ïàðàìåòðà - ýòî öåëàÿ òåîðèÿ.
Ìû êîñíåìñÿ ýòîãî âîïðîñà äàëåå.

Åñëè Bn+1 = E, òî ìåòîä 1.26 íàçûâàåòñÿ ÿâíûì. Åñëè Bn+1 = B, τn+1 = τ ,
òî ìåòîä íàçûâàþò ñòàöèîíàðíûì.

Ïðèìå÷àíèå:
Çäåñü èìååòñÿ íåêîòîðàÿ òåðìèíîëîãè÷åñêàÿ íåòî÷íîñòü: êîíå÷íî, åñëè äàæå

ìàòðèöà Bn+1 íå ÿâëÿåòñÿ åäèíè÷íîé, ìû ìîæåì íàéòè ÿâíûå ôîðìóëû ðåøåíèÿ.
Íî ìû âñ¼-òàêè ïðèäåðæèâàåìñÿ ôîðìàëüíîãî îïðåäåëåíèÿ.

Ðàññìîòðèì è äðóãèå ìåòîäû:

Ìåòîä ïðîñòîé èòåðàöèè (ÏÈ) çàäàåòñÿ ñëåäóþùèì îáðàçîì:

xn+1 − xn

τ
+ Axn = f, τ > 0

Åñëè çàìåíèòü â ïîñëåäíåé ôîðìóëå τ = τn - ïåðåìåííûé ïàðàìåòð, òî ïðè-
õîäèì ê ìåòîäó Ðè÷àðäñîíà (â êîòîðîì äëÿ áûñòðîé ñõîäèìîñòè ðåêîìåíäóåòñÿ
âûáèðàòü òàê íàçûâàåìûé ÷åáûøåâñêèé íàáîð ïàðàìåòðîâ).

Ðàññìîòðèì ïîïåðåìåííî-òðåóãîëüíûé èòåðàöèîííûé ìåòîä (åãî òàê æå íàçû-
âàþò ìåòîäîì Ñàìàðñêîãî).

Ïóñòü A = R1 +R2, ãäå

R1 =


a11
2 0 . . . 0
a21

a22
2 . . . 0

...
... . . . ...

am1 am2 . . . amm
2

 ,
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R2 =


a11
2 a12 . . . a1m

0 a22
2 . . . a2m

...
... . . . ...

0 0 . . . amm
2


Ïîïåðåìåííî-òðåóãîëüíûé èòåðàöèîííûé ìåòîä (ÏÒÈÌ) çàäà¼òñÿ ôîðìóëîé:

(E + ωR1)(E + ωR2)
xn+1 − xn

τn+1
+ Axn = f, n = 0, 1, . . . ; (1.26)

x0 - çàäàííîå íà÷àëüíîå ïðèáëèæåíèå.

Ìåòîä, êîíå÷íî, íå ÿâëÿåòñÿ ÿâíûì. Íî ìû îðãàíèçóåì ïðîöåññ òàê, ÷òîáû
âû÷èñëÿòü êàæäóþ èòåðàöèþ ïî ÿâíûì ôîðìóëàì.

Ââåäåì îáîçíà÷åíèÿ:
wn+1 = (E + ωR2)v

n+1,

ãäå vn+1 = xn+1−xn
τ

rn = f − Axn

� âåëè÷èíà, íàçûâàåìàÿ íåâÿçêîé.
Òîãäà ðåàëèçàöèþ ìåòîäà âûïîëíÿåì â 3 ýòàïà:

• 1-ûé ýòàï:

(E + ωR1)w
n+1 = rn ⇒ îáðàùàÿ íèæíþþ òðåóãîëüíóþ ìàòðèöó, íàõîäèì

wn+1.

• 2-îé ýòàï:

(E + ωR2)v
n+1 = wn+1 ⇒ îáðàùàÿ âåðõíþþ òðåóãîëüíóþ ìàòðèöó, íàõîäèì

vn+1.

• 3-èé ýòàï:

xn+1 = xn + τvn+1.
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� 6. Òåîðåìû î ñõîäèìîñòè èòåðàöèîííûõ ìåòîäîâ

Ðàññìîòðèì åùå îäèí ìåòîä ðåøåíèÿ ÑËÀÓ:

Ax = f, (1.27)

ãäå A - íåâûðîæäåííàÿ ìàòðèöà ðàçìåðà m×m

Ðàññìîòðèì ìåòîä:

B
xn+1 − xn

τ
+ Axn = f (1.28)

ãäå τ > 0, B - îáðàòèìàÿ, n = 0, 1, 2.. ; x0 - çàäàííîå íà÷àëüíîå óñëîâèå.

Ãîâîðÿ î ñõîäèìîñòè, íàäî ïîíèìàòü î êàêîé íîðìå äëÿ ñõîäèìîñòè èäåò ðå÷ü.
Ââåäåì íîðìû.

Ïóñòü H - ëèíåéíîå ïðîñòðàíñòâî ðàçìåðíîñòè m, ò.å. ∀x ∈ H x = (x1, ..xm)

Ïîêà ÷òî ìû íå áóäåì ãîâîðèòü î òîì, ñ÷èòàåì ëè ìû H âåùåñòâåííûìè èëè
êîìïëåêñíûìè ÷èñëàìè.

Ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå: (x, y) =
m∑
i=1

xiȳi

Òîãäà çà íîðìó ìîæíî âçÿòü ‖x‖ =
√

(x, x) - ñðåäíåêâàäðàòè÷íàÿ íîðìà.

Ðàññìîòðèì ñàìîñîïðÿæåííûé îïåðàòîð D = D∗.
Ïðèìå÷àíèå:
Ïîíÿòèÿ ìàòðèöà è îïåðàòîð äëÿ íàñ áóäóò ñèíîíèìàìè.

Ñàìîñîïðÿæåííûé îïåðàòîð D â C îáëàäàåò òàêèì ñâîéñòâîì, ÷òî

∀x ∈ C (Dx, x) ∈ R
Òîãäà ìîæíî ñâÿçàòü íîðìó ñ ñàìîñîïðÿæåííûì îïåðàòîðîì. Òàêæå ìîæíî

ââåñòè ýíåðãåòè÷åñêóþ íîðìó:

‖x‖D = (Dx, x)
1
2 ,

ãäå D - ñàìîñîïðÿæåííûé îïåðàòîð.
Ê ïðèìåðó, åñëè D - åäèíè÷íàÿ ìàòðèöà, òî ìû ïîëó÷èì îáû÷íóþ ñðåäíåêâàä-

ðàòè÷íóþ íîðìó.

Îïðåäåëåíèå: Îïåðàòîð D - ïîëîæèòåëüíî îïðåäåëåí, åñëè (Dx, x) >
0 ∀x 6= 0
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Îïðåäåëåíèå:
Îïåðàòîð D - íåîòðèöàòåëüíûé, åñëè (Dx, x) ≥ 0 ∀x. Òàêèì îáðàçîì ìîæåò

ñóùåñòâîâàòü x0 : (Dx0, x0) = 0, ò.å. íåîòðèöàòåëüíûé îïåðàòîð ìîæåò áûòü íå
ïîëîæèòåëüíî îïðåäåëåííûì.

Ñâîéñòâà ïîëîæèòåëüíûõ ñàìîñîïðÿæåííûõ îïåðàòîðîâ

1. ∃δ > 0 : (Dx, x) ≥ δ‖x‖2 - çäåñü δ áóäåò ñâÿçàíî ñ min ñîáñòâåííûì
çíà÷åíèåì îïåðàòîðà D.

2. Ñëåäóþùèé ôàêò ïðåäëàãàåòñÿ â âèäå çàäà÷è:

Çàäà÷à 1:

Ïóñòü H - âåùåñòâåííîå ïðîñòðàíñòâî, à îïåðàòîð C - ïîëîæèòåëüíî îïðå-
äåëåííûé, íî íå ñàìîñîïðÿæåííûé. Äîêàçàòü, ÷òî (Cx, x) = (C+C∗

2 x, x)

Ðåøåíèå:

Ïîñêîëüêó H- âåùåñòâåííîå ïðîñòðàíñòâî, ñïðàâåäëèâî

(Cx, x) = (x,C∗x) = (C∗x, x), ∀x ∈ H

C =
C + C∗

2
+
C − C∗

2
⇒

(Cx, x) = (
C + C∗

2
, x) + (

C − C∗

2
, x) =

(
C + C∗

2
, x) +

1

2
((C∗x, x)− (Cx, x)) = (

C + C∗

2
x, x)

3. Åñëè D = D∗ è D > 0, òîãäà ∃D−1 - îáðàòíûé îïåðàòîð, òàêîé ÷òî D−1 =
(D−1)∗ è D−1 > 0

Áîëåå òîãî ∃D 1
2 = (D

1
2 )∗ è D

1
2 > 0

Áîëåå òîãî ∃D− 1
2 = (D−

1
2 )∗ è D−

1
2 > 0

4. Ââåäåì âåêòîð vn:
vn = xn − x (1.29)

Ýòîò âåêòîð - ïîãðåøíîñòü íà n-îé èòåðàöèè. Äëÿ òîãî, ÷òîáû èòåðàöèîííûé
ìåòîä ñõîäèëñÿ, íåîáõîäèìî, ÷òîáû ‖vn‖ → 0 ïðè n→∞.

Òàêèì îáðàçîì, ìû ïîëó÷èëè çàäà÷ó äëÿ vn.

Âûðàçèâ xn èç 1.29 è ïîäñòàâèâ â 1.28, ïîëó÷àåì:
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B
vn+1 − vn

τ
+ Avn = 0, (1.30)

ãäå n = 0, 1, 2, ..., v0 = x0 − x.
Ïîëó÷èëè àíàëîãè÷íîå, íî îäíîðîäíîå óðàâíåíèå .

Ïóñòü B - îáðàòèìûé îïåðàòîð, òîãäà, äîìíîæèâ íà B−1, ïîëó÷èì:

vn+1 − vn

τ
+B−1Avn = 0

Ðàçðåøèì îòíîñèòåëüíî ïåðâîãî ñëîÿ:

vn+1 = vn − τB−1Avn = (E − τB−1A)vn

Îáîçíà÷èì ÷åðåç S :

S = E − τB−1A (1.31)

Ìàòðèöà S íàçûâàåòñÿ ìàòðèöåé ïåðåõîäà îò n-îé èòåðàöèè ê (n + 1)-îé
èòåðàöèè, ò.å. vn+1 = Svn.

Âñå ñâîéñòâà ïðîöåññà çàâèñÿò îò S, à èìåííî îò ñïåêòðà ìàòðèöû S.

Òåîðåìà 1 (áåç äîêàçàòåëüñòâà):
Èòåðàöèîííûé ìåòîä 1.28 ðåøåíèÿ çàäà÷è 1.27 ñõîäèòñÿ ïðè ëþáîì íà÷àëüíîì

ïðèáëèæåíèè x0 òîãäà è òîëüêî òîãäà, êîãäà âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû
S ïî ìîäóëþ ìåíüøå åäèíèöû: | λs |< 1.

Ïðèìå÷àíèå: Ýòà òåîðåìà î÷åíü ðåäêî ïðèìåíèìà â ÷èñòîì âèäå.

Îïÿòü ðàññìàòðèâàåì H - êàê âåùåñòâåííîå ïðîñòðàíñòâî. Î÷åâèäíî, ìàòðè-
öû, ñàìîñîïðÿæåííûå â R, áóäóò ñèììåòðè÷åñêèìè.

Òåîðåìà 2 (òåîðåìà Ñàìàðñêîãî î äîñòàòî÷íûõ óñëîâèÿõ ñõîäèìîñòè
äâóõñëîéíûõ èòåðàöèîííûõ ìåòîäîâ):

Ïóñòü A = A∗ > 0, τ > 0 - ïîëîæèòåëüíûé ïàðàìåòð, è âûïîëíåíî:

B − 0.5τA > 0 (1.32)

Òîãäà èòåðàöèîííûé ìåòîä 1.28 ðåøåíèÿ ñèñòåìû 1.27 ñõîäèòñÿ ïî ñðåäíåêâàä-
ðàòè÷íîé íîðìå ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè x0 :

‖xn − x‖ = (
m∑
i=1

(xni − xi)2)
1
2 → 0, n→∞ ∀x0 (1.33)
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Óñëîâèå 1.32 íàçûâàåòñÿ óñëîâèåì Ñàìàðñêîãî.

Äîêàçàòåëüñòâî:
Ââåäåì ÷èñëîâóþ ïîñëåäîâàòåëüíîcòü yn : yn = (Avn, vn); yn - îãðàíè÷åíà

ñíèçó: yn ≥ 0;
Ðàññìîòðèì yn+1:

yn+1 = (Avn+1, vn+1) = (ASvn, Svn) = (A(E − τB−1A)vn, (E − τB−1A)vn) =

= (Avn, vn)− τ [(Avn, B−1Avn) + (AB−1Avn, vn)− τ(AB−1Avn, B−1Avn)] =

= yn − τ [2(Avn, B−1Avn)− τ(AB−1Avn, B−1Avn)] =

= yn − 2τ((B − 0.5τA)B−1Avn, B−1Avn))

Ïîëó÷åííîå òîæäåñòâî

yn+1 = yn − 2τ((B − 0.5τA)B−1Avn, B−1Avn));

îáû÷íî ïåðåïèñûâàþò â ñëåäóþùåì âèäå:

yn+1 − yn
τ

+ 2((B − 0.5τA)B−1Avn, B−1Avn) = 0;

Çäåñü (B − 0.5τA)B−1Avn, B−1Avn ≥ 0;
Çíà÷èò yn+1 ≤ yn, ñëåäîâàòåëüíî yn - ìîíîòîííî óáûâàåò è èìååò ìåñòî

íèæíåå îãðàíè÷åíèå: ∃ lim
n→∞

yn = y

Ïóñòü H ∈ R;C > 0, òîãäà ∃δ > 0 : (Cx, x) ≥ δ‖x‖2

Ýòî ñëåäóåò èç ñâîéñòâà ïîëîæèòåëüíîãî îïåðàòîðà C.

ò.ê. B = 0.5τA > 0, òî:

∃δ > 0 : ((B − 0.5τA)B−1Avn, B−1Avn) ≥ δ‖B−1Avn‖2 (1.34)

Ïðèìåíÿÿ äàííîå íåðàâåíñòâî, ìîæíî çàâåðøèòü äîêàçàòåëüñòâî òåîðåìû:

yn+1 − yn
τ

+ 2δ‖B−1Avn‖2 ≤ 0;

Äëÿ óäîáñòâà ââåäåì W n = B−1Avn.

Îòñþäà âèäíî, ÷òî åñëè n→∞, òî ‖W n‖ → 0
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Òåïåðü ìîæíî âûðàçèòü ïîãðåøíîñòü:

vn = A−1BW n

ò.å. ‖vn‖ ≤ ‖A−1B‖‖W n‖ ⇒ ‖vn‖ n→∞−→ 0

÷òä.

Ñëåäñòâèå 1:
Ïóñòü A = A∗ > 0 (ìàòðèöà A ñàìîñîïðÿæåííàÿ è ïîëîæèòåëüíàÿ)
Òîãäà ìåòîä ßêîáè ñõîäèòñÿ â ñðåäíåêâàäðàòè÷íîé íîðìå ïðè ëþáîì íà÷àëü-

íîì ïðèáëèæåíèè, åñëè âûïîëíåíî 2D > A (òóò D - äèàãîíàëüíàÿ ìàòðèöà â
ìåòîäå ßêîáè, ãäå A = R1 +D +R2)

Äîêàçàòåëüñòâî:
Ìåòîä ßêîáè: Dxn+1−xn

τ + Axn = f , ãäå B = D, τ = 1

B − 0.5τA > 0 ⇒ D − 0.5A > 0 ⇒ 2D > A
⇒ âûïîëíåíû óñëîâèÿ òåîðåìû Ñàìàðñêîãî, òîãäà ñëåäñòâèå âûïîëíÿåòñÿ.
÷òä.

Ñëåäñòâèå 2:
Ïóñòü A = A∗ > 0. Ïóñòü òàêæå A - ìàòðèöà ñî ñòðîãèì äèàãîíàëüíûì ïðåîá-

ëàäàíèåì, ò.å. ýëåìåíò äèàãîíàëè áîëüøå ñóììû îñòàëüíûõ â ñòðîêå:

aii >

m∑
j=1
i6=j

|aij| (1.35)

Òîãäà ìåòîä ßêîáè ñõîäèòñÿ ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè x0 â ñðåäíå-
êâàäðàòè÷íîé íîðìå.

Äîêàçàòåëüñòâî:
Ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó:

(Ax, x) =
m∑
i=1

m∑
j=1

aijxixj ≤
m∑
i=1

m∑
j=1

|aij||xi||xj| ≤
1

2
(
m∑
i=1

m∑
j=1

|aij||xi|2+
m∑
i=1

m∑
j=1

|aij||xj|2) =

Ïî ñâîéñòâó, àíàëîãè÷íîìó 2ab ≤ a2 + b2, ýòî ðàâíî

(
1

2

m∑
i,j=1

|aij||xi|2) · 2 =
m∑

i,j=1

|aij||xi|2
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Òîãäà

(Ax, x) ≤
m∑

i,j=1

|aij||xi|2 =
m∑
i=1

x2
i (aii +

m∑
j=1
i6=j

|aij|)

÷òä.

Çàäà÷à 3:
Ïóñòü A = A∗ > 0. Äîêàçàòü, ÷òî aii > 0;

Ðåøåíèå:
Èç 1.35 ñëåäóåò, ÷òî:

aii +
m∑

i,j=1

|aij| < 2aii

Òîãäà

m∑
i=1

x2
i (aii +

m∑
j=1

|aij|) <
m∑
i=1

2aiix
2
i = (2Dx, x)⇒ 2D > A

Ïðèìåíåíèå Ñëåäñòâèÿ 1 çàâåðøàåò äîêàçàòåëüñòâî.
÷òä.

Ñëåäñòâèå 3:
Ïóñòü A = A∗ > 0. Òîãäà ìåòîä Çåéäåëÿ ñõîäèòñÿ â ñðåäíåêâàäðàòè÷íîé íîðìå

ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè x0.
Äîêàçàòåëüñòâî:
B − 0.5τA > 0
B = D +R1 − 1

2(R1 +D +R2) > 0
⇒ D +R1 −R2 > 0;
((D +R1 −R2)x, x) > 0;
(Dx, x) + (R1x, x)− (R∗1x, x) > 0;
ò.ê. (R1x, x) = (R∗1x, x), òî (Dx, x) > 0
÷òä.

Ñëåäñòâèå 4:
A = A∗ > 0 (â âåùåñòâåííîì ïðîñòðàíñòâå).

Ìåòîä ïðîñòîé èòåðàöèè - xn+1−xn
τ + Axn = f .

Åñëè âûáðàòü τ : 0 < τ < 2
γ2
, γ2 = max

k
λAk (ìîäóëü íå íóæåí, ìàòðèöà

ïîëîæèòåëüíî îïðåäåëåíà), òîãäà ìåòîä ïðîñòîé èòåðàöèè ñõîäèòñÿ ∀x0 â ñðåä-
íåêâàäðàòè÷íîé íîðìå.[ìåòîä ðåëàêñàöèè] [î÷åíü ïîõîæå íà ïðîèçâîäíóþ ïî
âðåìåíè] [ïðîñòåéøèé ñ òî÷êè çðåíèÿ ðåàëèçàöèè] [äâà ïàðàìåòðà äëÿ óñêîðåíèÿ
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ñõîäèìîñòè, íî âñòàåò âîïðîñ âûáîðà]

Ïðèìå÷àíèå:
Íà âòîðîì êóðñå ðàññìàòðèâàëàñü îáóñëîâëåííîñòü. Òðóäíî ñòðîèòü ñèëüíî

ðàçáðîñàííûå ñïåêòðû, min << max, ãðàíèöà äëÿ âûáîðà τ î÷åíü óçêàÿ.
Íàïðèìåð, åñëè min

max = 10−6, íåëüçÿ τ = 1. ×åì êîìïàêòíåå ñïåêòð, òåì íàì
óäîáíåå è áûñòðåå. Ýòè âîïðîñû ìû ðàññìîòðèì â æ¼ñòêèõ ñèñòåìàõ.

Äîêàçàòåëüñòâî:
Äëÿ ñõîäèìîñòè íåîáõîäèìî B − 0.5τA = 0. Äîëæíî áûòü E − 0.5τA > 0.
1− 0.5λAk > 0.
×åðåç ñîáñòâåííûå çíà÷åíèÿ: 1− 0.5τγ2 > 0 - íàñ óñòðàèâàåò.
Îòñþäà τ < 2

γ2
. τ < 0 - ïîòîìó ÷òî τ äîëæíî áûòü ïîëîæèòåëüíûì. Êàê

áûëî äëÿ óðàâíåíèé òåïëîïðîâîäíîñòè: îò π k2 äî ∞. Â ðàçíîñòíîé ñõåìå ìû ýòî
ïî÷óâñòâóåì, êîãäà áóäåì ñòðîèòü ãðàíèöû.

� 7. Îöåíêà ñêîðîñòè ñõîäèìîñòè èòåðàöèîííûõ ìå-
òîäîâ

Â ýòîì ïàðàãðàôå ìû áóäåì ïîëó÷àòü îöåíêó ñêîðîñòè ñõîäèìîñòè èòåðàöèîí-
íûõ ìåòîäîâ � îöåíèâàòü êîëè÷åñòâî èòåðàöèé äëÿ äîñòèæåíèÿ çàäàííîé òî÷íî-
ñòè è íàõîäèòü îöåíêè � ïðè êàêèõ ñîîòíîøåíèÿõ ñõîäèòñÿ èëè ñõîäèëîñü.

Ñíà÷àëà ïîëó÷èì îáùèå îöåíêè äëÿ äâóõñëîéíîãî èòåðàöèîííîãî ìåòîäà,
ïîòîì áóäåì ïðèìåíÿòü ê êîíêðåòíûì.

Ïî-ïðåæíåìó íàì èíòåðåñíà ñèñòåìà

Ax = f, (1.36)

ãäå |A| 6= 0, A ∈ Rm×m.

B
xn+1 − xn

τ
+ Axn = f, (1.37)

ãäå τ > 0, ∃B−1, n = 0, 1, ... x0�çàäàí.

vn = xn − x

B
vn+1 − vn

τ
+ Avn = f, (1.38)

n = 0, 1, ... v0 = x0 − x.
Ñòàâèì çàäà÷ó ïîëó÷èòü â íîðìàõ îöåíêè âèäà

||vn+1|| ≤ ρ||vn||, (1.39)
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n = 0, 1, ... 0 < ρ < 1.
Ïîêà íå ôèêñèðóåì íîðìó ãäå óäàñòñÿ. Ýòî ïîêà íå âàæíî.

Îòêóäà ñõîäèìîñòü? Ïðèìåíèì êàê ðåêóððåíòíîå. ||vn|| ≤ ρn||v0||, n → ∞ ⇒
ρn → 0⇒ ||vn|| → 0 ñõîäèòñÿ.

Ýòî óæå èçâåñòíî èç òåîðåìû Ñàìàðñêîãî, òåïåðü íåîáõîäèìî íàéòè ñêîðîñòü
ñõîäèìîñòè.

0 < ρ < 1 � ñõîäèìîñòü, ýòî ïîíÿòíî. Êîãäà ïðèáëèæàåì ρ ê 0, ñõîäèòüñÿ
áóäåò áûñòðåå. ρ íàçûâàþò çàòóõàíèåì ïîãðåøíîñòè, ρ-îöåíêà.

Åñëè ïîëó÷èì 1.39, òî ïîëó÷èì íóæíîå êîëè÷åñòâî èòåðàöèé. Ýòî ãëàâíûé
êðèòåðèé, ïî êîòîðîìó îòáèðàåì êà÷åñòâî èòåðàöèîííîãî ìåòîäà.

(Ðåøèòü çàäà÷ó ñ òî÷íîñòüþ äî ε � çíà÷èò ïîëó÷èòü ||xn − x|| ≤ ε||x0 − x||.)

Ðåêóððåíòíàÿ ôîðìóëà äà¼ò ñîîòíîøåíèå ||xn − x|| ≤ ρn||x0 − x||. Äîáü¼ìñÿ
òî÷íîñòè, êîãäà ρn ≤ ε.

Ïåðåâåðí¼ì: 1
ε ≤

1
ρn .

Ëîãàðèôìèðóåì: n ln 1
p ≥ ln 1

ε .

n0(ε) =
[

ln 1
ε

ln 1
p

]
� òîãäà n ≥ n0(ε), îöåíêà âûïîëíåíà. ln 1

p � ñêîðîñòü ñõîäèìî-

ñòè èòåðàöèîííîãî ìåòîäà: ÷åì îíà áîëüøå, òåì ìåíüøå n0(ε), òåì ìåíüøå ÷èñëî
èòåðàöèé.

Â äàëüíåéøåì ìû íàó÷èìñÿ íàõîäèòü ÷èñëî. Âàæíåéøàÿ çàäà÷à! ρ ïîëó÷àåòñÿ
÷åðåç ñïåêòð è èíûìè ìåòîäàìè.

Îïÿòü ââîäèì âåùåñòâåííîå ïðîñòðàíñòâî H, dimH = m.

Ñêàëÿðíîå ïðîèçâåäåíèå: ∀x, y ∈ H : (x, y) =
m∑
i=1

xiyi. ||x|| = (x, x)1/2 =√
m∑
i=1

xiyi.

B = B∗ > 0 (ïîêà íå ñâÿçàí ñ 1.37, íî ïîòîì áóäåò). Ýíåðãåòè÷åñêàÿ íîðìà
||x||B = (Bx, x)1/2.

Òåîðåìà 1:
Ïóñòü A = A∗ > 0, B = B∗ > 0. (Óæåñòî÷èëè, ó Ñàìàðñêîãî ìîãëî áûòü

B 6= B∗. Íî ñ òî÷êè çðåíèÿ êëàññà çàäà÷ âñ¼ â ïîðÿäêå, B ìû âûáèðàåì ñàìè.)
∃ρ, 0 < ρ < 1⇒

1− ρ
τ

B ≤ A ≤ 1 + ρ

τ
B (1.40)
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Òîãäà èòåðàöèîííûé ìåòîä 1.37 ðåøåíèÿ 1.36 ñõîäèòñÿ, è âåðíà îöåíêà:

||vn+1||B ≤ ρ||vn||B, (1.41)

n = 0, 1, . . . (àïðèîðíàÿ îöåíêà).
Îòñþäà ìû ìîæåì îöåíèòü ÷èñëî èòåðàöèé.

Äîêàçàòåëüñòâî:

ρ < 1, A ≤ 1 + ρ

τ
B

⇒ B − 0.5τA > 0

Çíà÷èò cõîäèìîñòü áóäåò. Íî îöåíêà ïîëó÷àåòñÿ â ýíåðãåòè÷åñêîé íîðìå.
Çàìå÷àíèå:
Èç 1.41 ìîæíî ïîëó÷èòü è â íîðìå || · ||A. Óäîáíåå: B � íàø âûáîð, A �

¾çàêàç÷èê¿.

Èäåÿ: äîêàçàòåëüñòâî èç äâóõ ýòàïîâ. Ñòðîèì ìàòðèöó ïåðåõîäà îò (n)-é ê
(n+ 1)-é èòåðàöèè, ñòðîèì å¼ ñïåêòð. Ó íå¼ âñå |λi| < ρ < 1. À òàê êàê A = A∗ ⇒
åñòü îðòîíîðìèðîâàííûé áàçèñ ñîáñòâåííûõ âåêòîðîâ.

Ïîëó÷èì îöåíêó 1.41:
B = B∗ > 0, òîãäà ñóùåñòâóþò B1/2 = (B1/2)∗ > 0, B−1/2 = (B−1/2)∗ > 0.

Äîìíîæàåì 1.38 íà B−1/2: B1/2 vn+1−vn
τ +B−1/2Avn = 0.

Ââîäèì zn = B1/2vn. Äîñòàòî÷íî äëÿ 1.41 ïîëó÷èòü îöåíêó

||zn+1|| ≤ ρ||zn|| (1.42)

Â ñàìîì äåëå: ||zn||2 = (zn, zn) = (B1/2vn, B1/2vn) = (Bvn, vn) = ||vn||B.
Êñòàòè, îòñþäà vn = B−1/2zn.
Óðàâíåíèå ïðèìåò âèä:

zn+1 − zn

τ
+B−1/2AB−1/2zn = 0

Âûðàæàåì zn+1:
zn+1 = zn − τB−1/2AB−1/2zn = Szn

S = E − τB−1/2AB−1/2 (1.43)

Ïîìåòèì Sek = skek, k = 1...m, lk 6= 0, sk = eigenvalues(çàäà÷à íà ñîáñòâåí-
íûå çíà÷åíèÿ).
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Ñàìîñîïðÿæ¼ííîñòü S:

S∗ = (E − τB−1/2AB−1/2)∗ = E∗ − τ(B−frac12)∗A∗(B−
1
2 )∗ =

E − τ(B∗)−
1
/2A(B∗)−

1
2 = E − τB−frac12AB−

1
2 = S

Ñàìîñîïðÿæ¼ííîñòü B - ýòî î÷åíü óäîáíî.

Íàäî äîêàçàòü, ÷òî |sk| ≤ ρ. Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ:

(E − τB−
1
2AB−

1
2 )ek = skek,

ek 6= 0, k = 1...m.

Ïîäåéñòâóåì íà âñ¼ (B
1
2 − τAB− 1

2 )ek = skB
1/2ek.

Îáîçíà÷èì y = B−
1
2ek. ek = B

1
2y, y 6= 0.

Ïåðåïèñûâàåì çàäà÷ó:
(B − τA)y = skBy.

Îòñþäà
τAy = (1− sk)By

èëè

Ay =
1− sk
τ

By.

Ïîäñòðîèëèñü ïîä 1.40. Ýòî îçíà÷àåò � åñëè ñêàëÿðíî óìíîæèì íà y 6= 0:

(Ay, y) =
1− sk
τ

(By, y)

×åðåç 1.40:
1− ρ
τ

(By, y) ≤ 1− sk
τ

(By, y) ≤ 1 + ρ

τ
(By, y),

(By, y) > 0 èç y 6= 0! Òàê è ñîêðàòèì: |sk| ≤ ρ, k = 1...m.
D = D∗ ⇒ ∃ îðòîíîðìèðîâàííûé áàçèñ ñîáñòâåííûõ âåêòîðîâ. Ó ñàìîñî-

ïðÿæ¼ííûõ íåò çàìêíóòîé òåîðèè. Ïðîïàäàþò çàìå÷àòåëüíûå êà÷åñòâà, âìåñòî
ðàâåñòâà Ïàðñåâàëÿ � íåðàâåíñòâî Ðèñà.

Ôîðìàëüíî: Dek = dklk, k = 1...m, (lk, le) = δkl = (k == l).
∀x ∈ H : x = c1e1 + ... + ckek. Òîãäà ||x||2 =

∑
i = 1mc2

i . Ýòî ðàâåíñòâî
Ïàðñåâàëÿ. Îíî åù¼ âñòðåòèòñÿ â ýòîì êóðñå.

Òåïåðü äîêàæåì îöåíêó äëÿ z: zn+1 = Szn. Ïîìíèì: Sek = skek, k = 1...m.
Ðàñêëàäûâàåì ïî áàçèñó ⇒

zn =
∑

k = 1mc
(n)
k lk =

∑
k = 1mc

(n)
k Sek =

∑
k = 1mc

(n)
k skek
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Íàéäåì êîýôôèöèåíòû Ôóðüå. Ïî Ïàðñåâàëþ (äâàæäû): ||zn+1||2 =∑
k = 1m

(
c

(n)
k

)2

s2
k.

||zn+1||2 ≤ ρ2
∑

k = 1m
(
c

(n)
k

)2

= ρ2||zn||2

Òî åñòü ||zn+1|| ≤ ρ||zn||. Óñëîâèé îêàçàëîñü äîñòàòî÷íî äëÿ 1.41.
÷òä.

Ñëåäñòâèå 1:
A = A∗ > 0, B = B∗ > 0, ∃γ2 > γ1 > 0: γ1B ≤ A ≤ γ2B.
Òîãäà, åñëè τ = τ0 = 2

γ1+γ2
, òî âûïîëíÿåòñÿ îöåíêà 1.41:

||vn+1||B ≤ ρ||vn||B,

ρ = 1−ξ
1+ξ , ξ = γ1

γ2
.

Ãàììû � ýòî âåðõíÿÿ/íèæíÿÿ ãðàíèöà ïî ìîäóëþ çàäà÷è íà ñîáñòâåííûå
çíà÷åíèÿ.

Ïîïàäàåì â óñëîâèå òåîðåìû: 1−ρ
τ = γ1,

1+ρ
τ = γ2.

Ñêëàäûâàåì: 2
τ = γ1 + γ2; τ = 2

γ1+γ2
.

Âû÷èòàåì: γ2 − γ1 = 2ρ
τ .

Òîãäà ρ = γ2−γ1
2 · 2

γ1+γ2
=

1−γ1γ2
1+

γ1
γ2

= 1−ξ
1+ξ .

Ìàòåìàòèêè õîòÿò ðåøèòü ìàêñèìàëüíî øèðîêèé êëàññ çàäà÷, íî íàäî äàâàòü
äîñòàòî÷íûå óñëîâèÿ äëÿ íåîáðàçîâàííûõ èíæåíåðîâ. ;)

Ñëåäñòâèå 2:
Ìåòîä ïðîñòîé èòåðàöèè:

xn+1 − xn

τ
+ Axn = f

Ïóñòü A = A∗ > 0,
γ1 = min1≤k≤m λ

A
k ,

γ2 = max1≤k≤m λ
A
k (γ2 > γ1 > 0 àâòîìàòè÷åñêè), τ = 2

γ1+γ2
.

Òîãäà

||vn+1|| ≤ ρ||vn||, ρ =
1− ξ
1 + ξ

, ξ =
γ1

γ2
,

ãäå ξ - ÷èñëî îáóñëîâëåííîñòè!
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Äîêàçàòåëüñòâî:
×åðåç Ñëåäñòâèå 1: B = E, γ1E ≤ A ≤ γ2E, || · ||B = || · ||E = || · ||, äàëüøå

ðàññóæäåíèÿ àíàëîãè÷íûå.

÷òä.

� 8. Èññëåäîâàíèå ñõîäèìîñòè ïîïåðåìåííîãî òðå-
óãîëüíîãî èòåðàöèîííîãî ìåòîäà(ÏÒÈÌ)

Ðåøàåì ÑËÀÓ:

Ax = f (1.44)

ãäå detA 6= 0, A(m,m)

Ðåøèì ýòó ñèñòåìó ÏÒÈÌ. Äëÿ ýòîãî ïðåäñòàâèì ìàòðèöó A = R1 +R2, ãäå

R1 =


0.5a11 0 0 . . . 0
a21 0.5a22 0 . . . 0
. . . . . . . . . . . . . . .
am1 am2 am3 . . . 0.5amm

 , R2 =


0.5a11 a12 a13 . . . a1m

0 0.5a22 a23 . . . a2m

. . . . . . . . . . . . . . .
0 0 0 . . . 0.5amm


Òîãäà îïåðàòîð

B = (E + wR1)(E + wR2)⇒ B
xn+1 − xn

τ
+ Axn = f, (1.45)

n = 1, 2, . . . , τ > 0, w > 0, x�çàäàíî.

Ìåòîä ñóãóáî íåÿâíûé èç-çà îïåðàòîðà B. Ðåàëèçàöèÿ ìåòîäà ïðîáëåì íå
âûçûâàåò.
τ, w - èòåðàöèîííûå ïàðàìåòðû.

Òåîðåìà1: (î äîñòàòî÷íîì óñëîâèè ñõîäèìîñòè)
Ïóñòü ìàòðèöà A - ñàìîñîïðÿæåííàÿ è ïîëîæèòåëüíî îïðåäåëåíà (A = A∗ >

0). Ïóñòü w > τ
4 ⇒ èòåðàöèîííûé ìåòîä 1.45, ðåàëèçóþùèé çàäà÷ó 1.44, ñõîäèòñÿ

â ñðåäíåé êâàäðàòè÷íîé ôîðìå ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè.
Äîêàçàòåëüñòâî:
Îïèðàåìñÿ íà òåîðåìó Ñàìàðñêîãî ⇒ B − 0.5τA > 0.
Ðàññìîòðèì îïåðàòîð B. Ò.ê. A = A∗ ⇒ R1 = R∗2 ⇒

B = (E + wR∗2)(E + wR2) = E + w(R∗2 +R2) + w2R∗2R2 = E + wA+ w2R∗2R2

Çàïèøåì B ïî-äðóãîìó: B = (E − wR∗2)(E − wR2) + 2wA.
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Ïóñòü E − wR2 = C ⇒ C∗ = E − wR∗2 ⇒ (C∗Cx, x) = (Cx,Cx) ≥ 0 ⇒
(E − wR∗2)(E − wR2) ≥ 0. Òàêèì îáðàçîì B ≥ 2wA.

Òàêæå èç òåîðåìû Ñàìàðñêîãî ⇒ B ≥ 0.5τA.

Òîãäà B ≥ 2wA > 0.5τA. Ïî ñâîéñòâó òðàíçèòèâíîñòè 2w > 0.5τ, w > τ
4 . Â

ýòîì ñëó÷àå ðàáîòàåò äîñòàòî÷íîå óñëîâèå ò. Ñàìàðñêîãî.
÷òä.
Òåïåðü ïîêàæåì, ÷òî ñêîðîñòü ñõîäèìîñòè ÏÒÈÌ ãîðàçäî âûøå îñòàëüíûõ

ìåòîäîâ.

Òåîðåìà 2: Îá îöåíêå ñêîðîñòè ñõîäèìîñòè ÏÒÈÌ (Äîñòàòî÷íîå
óñëîâèå)

Ïóñòü A ñàìîñîïðÿæåííûé ïîëîæèòåëüíûé îïåðàòîð, ò.å. A = A∗ > 0. Ïóñòü
ñóùåñòâóþò êîíñòàíòû δ > 0, ∆ > 0. Ïóñòü äëÿ íèõ âûïîëíåíû óñëîâèÿ:

A ≥ δE1, R
∗
2R2 ≤

∆

4
A (1.46)

Ïîëîæèì w = 2√
∆δ
, τ = 2

γ1+γ2
, ãäå

γ1 =
δ

2

√
∆δ√

δ +
√

∆
, γ2 =

√
δ∆

4
(1.47)

γ1, γ2 - êîíñòàíòû.

Òîãäà èòåðàöîííûé ìåòîä 1.45 ñõîäèòñÿ, è äëÿ íåãî ñïðàâåäëèâà îöåíêà

‖vn+1‖B ≤ ρ‖vn‖B, (1.48)

ρ =
1−√η
1 + 3

√
η
, η =

δ

∆
(1.49)

Çäåñü B = (E + wR∗2)(E + wR2). Äëÿ ñõîäèìîñòè íåîáõîäèìî âûïîëíåíèå 2-õ
óñëîâèé: 0 < ρ < 1, δ < ∆.

Äîêàçàòåëüñòâî:
Óáåäèìñÿ, ÷òî δ < ∆, íà îñíîâàíèè Cëåäñòâèÿ 1.

Ñëåäñòâèå 1:
Ïóñòü A = A∗, B = B∗, åñëè γ1 > γ2 > 0⇒

‖xn+1 − x‖B ≤ ρ(w), ‖xn − x‖B, ρ(w) =
1− ξ(w)

1 + ξ(w)
, ξ(w) =

γ1(w)

γ2(w)
.
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Ïîñêîëüêó ρ - ïåðåìåííàÿ âåëè÷èíà, òî äëÿ íå¼ íåîáõîäèìî íàéòè min. Â ýòîé
òî÷êå áóäåò ñàìàÿ áûñòðàÿ ñõîäèìîñòü.

Èç A ≥ δE ⇒ (Ax, x) ≥ δ(x, x) = δ‖x‖2

(R∗2R2x, x) ≤ ∆

4
(Ax, x)⇒ ‖R2x‖2 ≤ ∆

4
(Ax, x)

(Ax, x) = (R∗2x, x) + (R2x, x)

Ò.ê. ìû ðàññìàòðèâàåì çàäà÷ó â âåùåñòâåííîì ïðîñòðàíñòâå ⇒ R2 = R∗2 ⇒
(Ax, x) = (2R2x, x) = 2(R2x, x)

δ‖x‖2 ≤ (Ax, x) =
(Ax, x)2

(Ax, x)
=

4(R2x, x)2

(Ax, x)
≤ ∆(Ax, x)

(Ax, x)
‖x‖2 = ∆‖x‖2

⇒ δ ≤ ∆⇒ ρ ≤ 1

×åì ξ áëèæå ê 1, òåì ìåíüøå ρ⇒ w äîëæíî ìèíèìèçèðîâàòü ξ.

Ðàññìîòðèì ôóíöèþ f(ξ) = γ2(w)
γ1(w) .

Ìû óæå ïîëó÷àëè B ≥ 2wA, A ≤ 1
2wR⇒ γ2(w) = 1

2w

B = E + wA+ w2R∗2R2 ≤
1

δ
A+ wA+ w2 ∆

4
A =

= (
1

δ
+ w +

w2∆

4
)⇒ γ1(w) = (

1

δ
+ w +

w2∆

4
)−1

Äëÿ ìèíèìèçàöè ρ íåîáõîäèìî íàéòè ìèíèìóì f(ξ) = f(w).

f(w) =
1
δ + w + ∆

4w
2

2w
=

1

2
(1 +

1

δw
+

∆

4
w)

f (1) =
1

2
(
∆

4
− 1

δw2
),

∆

4
=

1

δw2
, w2 =

4

δ∆
⇒ w = w0 =

2√
δ∆

.

f (2) =
1 2

2δw3
> 0⇒ f(w0)−min.

Òåïåðü ïåðåñ÷èòàåì âñå êîíñòàíòû.

γ2(w) =
1

2w
=

√
∆δ

4

γ1(w) =
1

1
δ + w + ∆

4w
2

=
1

1
δ + 2√

∆δ
+ ∆

4
4

∆δ

=
1

2
δ + 2√

δ∆

=
δ
√
δ∆

2(
√

∆ +
√
δ)
,
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τ =
2

γ1 + γ2
,

ρ =
1− ξ(w)

1 + ξ(w)
, ξ(w) =

γ1

γ2
=

4
√
δ
√

∆δ
2(
√
δ+
√
δ)√

δ∆
=

2
√
δ√

δ +
√

∆
⇒

ρ =
1− 2

√
δ√

δ+
√

∆

1 + 2
√
δ√

∆+
√
δ

=

√
∆−

√
δ

3
√
δ +
√

∆
=

1−
√

δ
∆

1 + 3
√

δ
∆

Ïðè η = δ
∆ ⇒ ρ =

1−√η
1+3
√
η ñëåäóåò óòâåðæäåíèå òåîðåìû.

÷òä.

Ïîêàæåì êà÷åñòâî ÏÈÒÌ. Ñðàâíèâàåì ÷èñëî îïåðàöèé η0(ξ) =
ln 1
ξ

ln 1
ρ

, η =

O(m−2)-ìàëåíüêàÿ âåëè÷èíà â áîëüøèíñòâå çàäà÷.

Îöåíèì:

1

ρ
=

1 + 3
√
η

1−√η
=

(1 + 3
√
η)(1 +

√
η)

1− η
≈ 1+4

√
η ⇒ ln

1

ρ
≈ √η ⇒ n0(ξ) ≈

1
√
η

= O(m)

Ïîñìîòðèì ìåòîä ïðîñòîé èòåðàöèè è ñðàâíèì êîëè÷åñòâî äåéñòâèé:

xn+1 − xn

τ
+ Axn = f + (other)⇒ ‖xn+1 − x‖ ≤ ρ‖xn − x‖, ρ =

1− ξ
1 + ξ

, ξ =
γ1

γ2

γ1 = minλAk

γ2 = maxλAk , ξ = η

Ïîëàãàÿ η = O(m−2) íàéä¼ì ÷èñëî èòåðàöèé:

⇒ 1

ρ
=

1 + η

1− η
=

(1 + η)2

1− η2
≈ 1 + 2η

ln
1

ρ
≈ η ⇒ n0(ξ) ≈

1

η
≈ O(m2)

Â íåêîòîðûõ ñëó÷àÿõ m = 106 . . . 107
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� 9. Ìåòîäû ðåøåíèÿ çàäà÷ íà ñîáñòâåííûå çíà÷å-
íèÿ

Ðåøåíèå ïðîáëåìû íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé ñâîäèòñÿ ê ðåøåíèþ
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ.

Ïóñòü äàíà ïðîèçâîëüíàÿ ìàòðèöà A(m,m). Çàäà÷à íàõîæäåíèÿ ñîáñòâåííûõ
çíà÷åíèé

Ax = λx, x 6= 0 (!), (1.50)

ãäå λ - ñîáñòâåííîå çíà÷åíèå, õàðàêòåðèñòè÷åñêèé êîðåíü. x - ñîáñòâåííûé âåêòîð.

Åñëè çàäà÷à ðåøàåòñÿ íàä ïîëåì êîìïëåêñíûõ ÷èñåë, òî ñîáñòâåííûå çíà÷åíèÿ
âñåãäà ñóùåñòâóþò è èõ m øòóê. Íîðìàëüíûé îïåðàòîð èìååò áàçèñ èç ñîáñòâåí-
íûõ âåêòîðîâ (ñàìûé øèðîêèé êëàññ).

Íåîáõîäèìî óçíàòü êîëè÷åñòâî ñîáñòâåííûõ çíà÷åíèé. Âñå ìåòîäû èòåðàöèîí-
íûå.

‖x‖ = 1

- ñîáñòâåííûé âåêòîð âñåãäà íîðìèðîâàííûé.

Ïóñòü ó íàñ ñ ó÷åòîì êðàòíîñòè m ñîáñòâåííûõ çíà÷åíèé (â òîì ÷èñëå è êîì-
ïëåêñíûõ). Çàíóìèðóåì èõ ñëåäóþùèì îáðàçîì:

| λ1 |≤| λ2 |≤ . . . ≤| λm |

Åñëè ìàòðèöà âåùåñòâåííàÿ, à ñîáñòâåííûå çíà÷åíèÿ êîìïëåêñíûå, òîãäà ñîá-
ñòâåííûå âåêòîðà - êîìïëåêñíûå.

Ïðîáëåìû:
1)×àñòè÷íàÿ ïðîáëåìà ñîáñòâåííûõ çíà÷åíèé
2)Ïîëíàÿ ïðîáëåìà ñîáñòâåííûõ çíà÷åíèé (çàäà÷à íàõîæäåíèÿ âñåãî ñïåêòðà)

� 10. Ñòåïåííîé ìåòîä

Àíàëèòè÷åñêè ïðîáëåìà ñîáñòâåííûõ çíà÷åíèé ïðàêòè÷åñêè íå ðàçðåøèìà.
Îäèí èç ñàìûõ ïðîñòûõ ìåòîäîâ äëÿ ñïåêòðà - ñòåïåííîé ìåòîä.

Ïðåäâàðèòåëüíûå çàìå÷àíèÿ:
Â äàííîì ïàðàãðàôå ìû ðàññìàòðèâàåì ïðîèçâîëüíóþ êâàäðàòíóþ ìàòðèöó À.

Íèêàêèõ îãðàíè÷åíèé íå íàêëàäûâàåì, ñîîòâåòñòâåííî å¼ ñïåêòð ïðîèçâîëüíûé.
(Íåñìîòðÿ íà òî, ÷òî áîëüøèíñòâî çàäà÷ ðàáîòàþò ñ âåùåñòâåííîé ìàòðèöåé,

à äëÿ èòåðàöèîííûõ ìåòîäîâ òðåáóåòñÿ èñêàòü ãðàíèöû ñïåêòðà (min è max
ñîáñòâåííûõ çíà÷åíèé))
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Ðàññìîòðèì ñòåïåííîé ìåòîä.
Ïóñòü äàëåå: xn - n-àÿ èòåðàöèÿ ñîáñòâåííîãî âåêòîðà;
x0 - íà÷àëüíîå ïðèáëèæåíèå

xn + 1 = Axn (1.51)

� ðåêóðåíòíàÿ ôîðìóëà. : n = 0, 1, ..., x0 � çàäàíî.

Ïðèìå÷àíèå:
Çäåñü ìû ïîéì¼ì, ÷òî äëÿ òåîðåòè÷åñêîãî îáîñíîâàíèÿ íàì ïîíàäîáÿòñÿ íåêî-

òîðûå îãðàíè÷åíèÿ. Ìû áóäåì èñïîëüçîâàòü òå ïîäõîäû, êîòîðûå ìîæåì ïðè-
ìåíÿòü áåç ñïåöèàëüíûõ (ñëîæíûõ) ìàòåìàòè÷åñêèõ ïîäõîäîâ. (Ò.å. âîçìîæíî â
íåêîòîðûõ ñëó÷àÿõ óñëîâèÿ ìîæíî è ñìÿã÷èòü, íî ìû ýòèì íå çàíèìàåìñÿ)

Ìîæåì âûðàçèòü n-óþ èòåðàöèþ ÷åðåç x0:

xn = Anx0 (1.52)

Ñîáñòâåííûå âåêòîðà óïîðÿäî÷èì â ïîðÿäêå íåâîçðàñòàíèÿ ìîäóëåé ñîáñòâåí-
íûõ çíà÷åíèé: |λ1| ≤ |λ2| ≤ . . . ≤ |λm|.

Íà÷èíàåì äåëàòü íóæíûå äîïóùåíèÿ:

A) Ïóñòü ìàòðèöà îáëàäàåò ïîëíûì íàáîðîì èç ñîáñòâåííûõ âåêòîðîâ (ò.å. ñó-
ùåñòâóåò áàçèñ èç ñîáñòâåííûõ âåêòîðîâ; ïîêà íåâàæíî - îðòîíîðìèðîâàí-
íûé îí èëè ïðîèçâîëüíûé):

{ei}mi=1 : Aei = λiei, i = 1, . . . ,m.

xn = c1λ
n
1e1 + c2λ

n
2e2 + . . .+ cmλ

n
mem, (1.53)

Ïðèìå÷àíèå:

Ñàìûé øèðîêèé êëàññ, äëÿ êîòîðîãî áàçèñ èç ñîáñòâåííûõ âåêòîðîâ ñóùå-
ñòâóåò, - ýòî íîðìàëüíûé îïåðàòîð.

Ñàìîñîïðÿæåííûå îïåðàòîðû âõîäÿò â ýòîò êëàññ, à èìåííî îíè ÷àñòî âñòðå-
÷àþòñÿ íà ïðàêòèêå. Ïîýòîìó îãðàíè÷åíèå íå òàêîå óæ è ñèëüíîå.

B) Ïóñòü cm 6= 0, ãäå m îòâå÷àåò ìàêñèìàëüíîìó ñîáñòâåííîìó çíà÷åíèþ (ñì.
ôîðìóëó 1.53).

C)
∣∣∣λm−1λm

∣∣∣ < 1.

Óòâåðæäåíèå:
Ïóñòü äëÿ ìàòðèöû âûïîëíåíû óñëîâèÿ A,B,C. Òîãäà ñòåïåííîé ìåòîä

ñõîäèòñÿ ïî íàïðàâëåíèþ ê ñîáñòâåííîìó âåêòîðó, îòâå÷àþùåìó ìàêñèìàëüíîìó
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ïî ìîäóëþ ñîáñòâåííîìó çíà÷åíèþ.

Ïðèìå÷àíèå:
Åù¼ ðàç íàïîìíèì: ñîáñòâåííûé âåêòîð îïðåäåëåí ñ òî÷íîñòüþ äî êîíñòàíòû.

Ïîýòîìó âñåãäà ïðè ñ÷åòå ïðîâîäèòñÿ íîðìèðîâêà âåêòîðà. È ìû áóäåì âåñòè ðå÷ü
íå î äëèíå ñîáñòâåííîãî âåêòîðà, à î åãî íàïðàâëåíèè.

xn
λnm

= c1

(
λ1

λm

)n
e1 + c2

(
λ2

λm

)n
e2 + . . .+ cmem.

Â ñîîòâåòñòâèè ñ îãðàíè÷åíèåì Â:

xn
λnmcm

=
c1

cm

(
λ1

λm

)n
e1 +

c2

cm

(
λ2

λm

)n
e2 + . . .+ em.

Òàêèì îáðàçîì, ïðè n → ∞ xn ñòðåìèòñÿ ïî íàïðàâëåíèþ ê ñîáñòâåííîìó
âåêòîðó em, îòâå÷àþùåìó ìàêñèìàëüíîìó ïî ìîäóëþ ñîáñòâåííîìó çíà÷åíèþ.

Ýòîò ìåòîä ëåãêî ïîçâîëèò íàéòè ìàêñèìàëüíîå çíà÷åíèå λm.
Òî÷íåå, äîêàæåì ÷òî:

λ(n)
m − λm = O

((
λm−1

λm

)n)
Ïóñòü xin - i-àÿ êîîðäèíàòà n-îé èòåðàöèè.
Ðàñïèñûâàåì xin è x

i
n+1:

x
(i)
n+1 = c1λ

n+1
1 e

(i)
1 + c2λ

n+1
2 e

(i)
2 + · · ·+ cmλ

n+1
m e(i)

m

x(i)
n = c1λ

n
1e

(i)
1 + c2λ

n
2e

(i)
2 + · · ·+ cmλ

n
me

(i)
m

Ïîäåëèâ x
(i)
n+1 íà x

(i)
n , ïîëó÷àåì:

x
(i)
n+1

x
(i)
n

=

cmλ
n+1
m e

(i)
m

(
1 + cm−1

cm

e
(i)
m−1

e
(i)
m

(
λm−1
λm

)n+1

+ · · ·+ c1
cm

e
(i)
1

e
(i)
m

(
λ1
λm

)n+1
)

cmλnme
(i)
m

(
1 + cm−1

cm

e
(i)
m−1

e
(i)
m

(
λm−1
λm

)n
+ · · ·+ c1

cm

e
(i)
1

e
(i)
m

(
λ1
λm

)n) =

= λm +O

((
λm−1

λm

)n)
= λ(n)

m

Ïðèìå÷àíèå:
Íèêòî íå ãàðàíòèðóåò, ÷òî i-àÿ êîîðäèíàòà n-îé èòåðàöèè íå íîëü. Ýòèõ íóëåé

ìîæåò áûòü n− 1, íî íèêàê íå n. Ñîîòâåòñòâåííî, ïðè íåîáõîäèìîñòè ìû ìîæåì
ïîìåíÿòü êîîðäèíàòû.
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Òàêèì îáðàçîì, äëÿ ïðîèçâîëüíîé ìàòðèöû, ïðè âûïîëíåíèè óñëîâèé A,B,C,
ñòåïåííîé ìåòîä ïîçâîëÿåò íàéòè ìàêñèìàëüíîå ñîáñòâåííîå çíà÷åíèå è ñîáñòâåí-
íûé âåêòîð, åìó îòâå÷àþùèé.

Åñëè ìû âîçüìåì ìàòðèöó ñèììåòðè÷íóþ (ó êîòîðîé åñòü ÎÍÁ èç ñîáñòâåí-
íûõ âåêòîðîâ), òî ìû íàéäåì ñîáñòâåííûé âåêòîð áûñòðåå, è ñõîäèìîñòü áóäåò íå
ëèíåéíîé, à â ñòåïåíè 2n.

Ïîêàæåì, ÷òî ñîáñòâåííîå çíà÷åíèå òàêæå ìîæåò áûòü âû÷èñëåíî ïî ôîðìóëå:

λ(n)
m =

(xn+1, xn)

(xn, xn)
=

(Axn, xn)

(xn, xn)
(1.54)

Ðàññìîòðèì 2 ñëó÷àÿ (è êîãäà åñòü ÎÍÁ èç ñîáñòâåííûõ âåêòîðîâ, è êîãäà íåò)

1. Ïóñòü - ñàìîñîïðÿæåííûé îïåðàòîð: A = A∗. Òîãäà äëÿ íåãî ñóùåñòâó-
åò ÎÍÁ èç ñîáñòâåííûõ âåêòîðîâ: ∃ {ei}i=mi=1 - îðòîíîðìèðîâàííûé áàçèñ èç
ñîáñòâåííûõ âåêòîðîâ ìàòðèöû A:

Aek = λkek, k = 1, . . . ,m, ek 6= 0

(el, ej) = δlj

- óñëîâèå îðòîíîðìèðîâàííîñòè.

xn+1 = c1λ
n+1
1 e1 + c2λ

n+1
2 e2 + · · ·+ cmλ

n+1
m em

xn = c1λ
n
1e1 + c2λ

n
2e2 + · · ·+ cmλ

n
mem

λ(n)
m =

(xn+1, xn)

(xn, xn)
=
c2

1λ
2n+1
1 + c2

2λ
2n+1
2 + · · ·+ c2

mλ
2n+1
m

c2
1λ

2n
1 + c2

2λ
2n
2 + · · ·+ c2

mλ
2n
m

=

=

c2
mλ

2n+1
m

(
1 +

(
cm−1
cm

)2 (
λm−1
λm

)2n+1

+ · · ·+
(
c1
cm

)2 (
λ1
λm

)2n+1
)

c2
mλ

2n
m

(
1 +

(
cm−1
cm

)2 (
λm−1
λm

)2n

+ · · ·+
(
c1
cm

)2 (
λ1
λm

)2n
) =

= λm +O

((
λm−1

λm

)2n
)

(ïåðâûé çíàê ðàâåíñòâà îáåñïå÷èâàåò óñëîâèå îðòîíîðìèðîâàííîñòè).

Òàêèì îáðàçîì, äëÿ ñèììåòðè÷íîé ìàòðèöû ìû ìîæåì íàéòè ñîáñòâåííûé
âåêòîð áûñòðåå, è ñõîäèìîñòü áóäåò íå ëèíåéíîé, à ñòåïåíè 2n.
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Çàäà÷à 1:

Äîêàçàòü: λ
(n)
1 − λ1 = o

(
λ1
λ2

)n
.

Çàäà÷à 2:

Ïóñòü A = A∗, ∃A−1; λ
(n)
1 = (xn,xn)

(xn+1,xn) . Äîêàçàòü: λ
(n)
1 − λ1 = O

(
λ1
λ2

)2n

Ðåøåíèÿ áóäóò ïîçæå

Òàêèì îáðàçîì, â ïðåäïîëîæåíèÿõ A,B,C ñ ïîìîùüþ ñòåïåííîãî ìåòîäà ìû
ìîæåì íàéòè ñîáñòâåííûé âåêòîð, îòâå÷àþùèé ìàêñèìàëüíîìó ñîáñòâåííîìó
çíà÷åíèþ, è íåñêîëüêèìè ñïîñîáàìè íàéòè ñàìî ýòî ñîáñòâåííîå çíà÷åíèå.

Çàìå÷àíèå î íà÷àëüíîì ïðèáëèæåíèè:
Ìàòðèöà âåùåñòâåííàÿ, íî å¼ ñîáñòâåííûå çíà÷åíèÿ ìîãóò áûòü è êîìïëåêñíûå

(åñëè ìàòðèöà ïðîèçâîëüíàÿ, à íå ñàìîñîïðÿæåííàÿ). Òîãäà îíè ñîïðÿæåííûå,
è âåêòîð, îòâå÷àþùèé ýòîìó ñîáñòâåííîìó çíà÷åíèþ � êîìïëåêñíûé, ÷òî â
öåëîì íåïðàâèëüíî. Òîãäà ìû íå ìîæåì âçÿòü íà÷àëüíîå ïðèáëèæåíèå â âèäå
âåùåñòâåííîãî âåêòîðà.

Ìåòîä îáðàòíûõ èòåðàöèé.
Îáîáùàåì ìåòîä äëÿ íàõîæäåíèÿ è äðóãèõ ñîáñòâåííûõ çíà÷åíèé, â ÷àñòíîñòè

- âíóòðè ñïåêòðà.

Ñïåðâà çàéìåìñÿ ìèíèìàëüíûì ïî ìîäóëþ ñîáñòâåííûì çíà÷åíèåì.
Íóæíî íàêëàäûâàòü îãðàíè÷åíèÿ íà ìàòðèöó A. Ìàòðèöà âûðîæäåííàÿ, åñ-

ëè åñòü â ñïåêòðå íóëåâîå ñîáñòâåííîå çíà÷åíèå. Ïîýòîìó ðàññìàòðèâàåì òîëüêî
ìàòðèöû A, äëÿ êîòîðûõ ñóùåñòâóåò îáðàòíàÿ (ò.å. íåâûðîæäåííûå).

Axn+1 = xn, n = 0, 1, . . . , x0 � çàäàí.

Ìåòîä íåÿâíûé. Íî óìíîæèâ îáå ÷àñòè ñëåâà íà A−1, ïîëó÷èì:

xn+1 = A−1xn, n = 0, 1, . . . , x0 � çàäàí.

Òåïåðü ìåòîä ïðåâðàòèëñÿ â ñòåïåííîé, íî äëÿ îáðàòíîé ìàòðèöû.
Òàêèì îáðàçîì, ïîëó÷èòñÿ, ÷òî ñòåïåííûì ìåòîäîì ìû íàéä¼ì ñîáñòâåííûé

âåêòîð, ñîîòâåòñòâóþùèé ìèíèìàëüíîìó çíà÷åíèþ ìàòðèöû À.

Ïðèìå÷àíèå:
Ñîáñòâåííûå çíà÷åíèÿ îáðàòíîé ìàòðèöû - îáðàòíûå ÷èñëà äëÿ :

λA
−1

k =
1

λAk
∀k, λk 6= 0

À ñîáñòâåííûå âåêòîðû ìàòðèöû A−1 � ñîâïàäàþò c ñîáñòâåííûìè âåêòîðàìè A.
Ýòî âàæíî, òàê êàê äàëåå ìû ðàñïèñûâàåì âåêòîð ÷åðåç áàçèñ .

Ââîäèì îãðàíè÷åíèÿ:
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1. (A) Ìàòðèöà A èìååò áàçèñ èç ñîáñòâåííûõ âåêòîðîâ {ei}i=mi=1

2. (B) |λ1λ2 | < 1

3. (Ñ) x0 = c1e1 + c2e2 + · · ·+ cmem, ãäå c1 6= 0

Òîãäà:
xn = c1λ

−n
1 e1 + c2λ

−n
2 e2 + · · ·+ cmλ

−n
m em

λn1xn = c1e1 + c2

(
λ1

λ2

)n
e2 + · · ·+ cm

(
λ1

λm

)n
em

xn
λ−n1 c1

= e1 +
c2

c1

(
λ1

λ2

)n
e2 + · · ·+ cm

c1

(
λ1

λm

)n
em

Òàêèì îáðàçîì, xn → e1 (ïî íàïðàâëåíèþ) ïðè n→∞.

Ìåòîä îáðàòíûõ èòåðàöèé ñî ñäâèãîì.
Îðãàíèçóåì ìåòîä ñëåäóþùèì îáðàçîì òàê:

(A− αE)xn+1 = xn

n = 0, 1, . . . , x0 � çàäàí.

Ïðè ýòîì α - òàêîå ÷èñëî, ÷òîáû äëÿ ìàòðèöû (A− αE) ñóùåñòâîâàëà îáðàòíàÿ:
(A− αE)−1 = B. Ïîëó÷èì ñòåïåííîé ìåòîä äëÿ ìàòðèöû B:

xn+1 = Bxn, n = 0, 1, . . . , x0 � çàäàí.

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû B:

λBk =
1

λAk − α

Òîãäà xn → el (ïî íàïðàâëåíèþ), ãäå l òàêîâî, ÷òî:

λBl = max
k=1,...,m

1

λAk − α
=

1

λAl − α

Åñëè èòåðàöèîííûé ìåòîä çàïèñàòü êàê

(A− αE)xn+1 = xn; n = 0, 1, 2...

x0 - çàäàíî, α ∈ R òàêîå, ÷òî ∃(A− αE)−1

Òîãäà xn+1 = (A− αE)−1xn

Èìååì B = (A− αE)−1 - äëÿ ýòîé ìàòðèöû íàø ìåòîä ñòàë ñòåïåííûì.
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Èòåðàöèÿ áóäåò ñõîäèòñÿ ê ñîáñòâåííîìó âåêòîðó xn → λl, äëÿ êîòîðîãî äî-
ñòèãàåòñÿ max:

max
1≤k≤m

1

|λk − α|
=

1

|λl − α|
Çäåñü ìîæíî íàéòè ñîáñòâåííûå çíà÷åíèÿ:

λl = lim
n→∞

(α +
x

(l)
n

x
(l)
n+1

)

� 11. Ïðèâåäåíèå ìàòðèöû ê âåðõíåé ïî÷òè òðå-
óãîëüíîé ôîðìå (ÂÏÒÔ)

A - ïðîèçâîëüíàÿ êâàäðàòíàÿ ìàòðèöà ïîðÿäêà m.
Óäîáíî áûëî áû ïðèâåñòè ìàòðèöó A ê C - äèàãîíàëüíîé èëè òðåóãîëüíîé. Íî

íóæíî, ÷òîáû ïðîöåññ ïðèâåäåíèÿ ìàòðèöû ñîõðàíÿë å¼ ñïåêòð: íàïðèìåð ÷åðåç
ïðåîáðàçîâàíèÿ ïîäîáèÿ:

C = Q−1AQ (1.55)

Ïîä âåðõíåé ïî÷òè òðåóãîëüíîé ôîðìîé ìàòðèöû ïîäðàçóìåâàþò âèä:
x x .... x x x
x x .... x x x
0 x .... x x x
0 0 .... x x x
.... .... .... .... .... ....
0 0 .... 0 x x

 ,

ò.å. åñòü ïîáî÷íàÿ äèàãîíàëü â äîïîëíåíèå ê òðåóãîëüíîé ìàòðèöå.
Ìû ðàññìîòðèì ìåòîä ýëåìåíòàðíîãî îòðàæåíèÿ äëÿ ïðèâåäåíèÿ ìàòðèöû ê

ÂÏÒÔ.
Îïðåäåëåíèå:
Ìàòðèöà S - îðòîãîíàëüíà, åñëè S−1 = ST (S−1 = S∗ â óíèòàðíîì ïðîñòðàí-

ñòâå).
Îïðåäåëåíèå:
Ïóñòü v - âåêòîð-ñòîëáåö

v =


v1

v2

....
vm


ò.å. vT = (v1, v2, ...., vm).
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Ýëåìåíòàðíûì îòðàæåíèåì, ñîîòâåòñòâóþùèì âåêòîðó-ñòîëáöó v íàçûâàåòñÿ
ïðåîáðàçîâàíèå, çàäàâàåìîå ìàòðèöåé:

H = E − 2vvT

‖v‖2
(1.56)

Ó ýòîãî ïðåîáðàçîâàíèÿ 3 âàæíûõ ñâîéñòâà:

1. îíî ñèììåòðè÷íî

2. îíî îðòîãîíàëüíî

3. äåéñòâèå íà âåêòîð - ñïåöèôè÷íî

Âîîáùå ãîâîðÿ: ‖v‖2 = vvT = v2
1 + v2

2 + ...v2
m

vvT =


v2

1 v1v2 .... v1vm
v2v1 v2

2 .... v2vm
.... .... .... ....
vmv1 vmv2 .... v2

m

 - ñèììåòðè÷íàÿ ìàòðèöà

Ò.ê. E - òîæå ñèììåòðè÷íàÿ ⇒ HT = H, ò.å. H - ñèììåòðè÷íàÿ ìàòðèöà.
Äîêàæåì, ÷òî H - îðòîãîíàëüíà, ò.å., ÷òî HT = H−1

HTH = HH = H2 =

= (E − 2vvT

‖v‖2
)(E − 2vvT

‖v‖2
) = E − 4

vvT

‖v‖2
+ 4

vvTvvT

‖v‖4
=

= E − 4
vvT

‖v‖2
+ 4

v‖v‖2vT

‖v‖4
= E − 4

vvT

‖v‖2
+ 4

vvT

‖v‖2
= E

Ñëåäîâàòåëüíî H - îðòîãîíàëüíà.
Ïîÿñíèì, ÷òî îçíà÷àåò òðåòüå ñâîéñòâî.
Ïóñòü çàäàí ïðîèçâîëüíûé âåêòîð-ñòîëáåö x = (x1, x2, ...., xm)T .

Òîãäà ìîæíî âûáðàòü âåêòîð v òàêîé, ÷òî Hx =


−σ
0
....
0

, ãäå σ = ‖x‖.

Äîêàçàòåëüñòâî:
Ïîëîæèì v = x + σz, ãäå z - âåêòîð ñïåöèàëüíîãî âèäà z = (1, 0, ...., 0)T -

äëèíû m.

Hx = (E − 2vvT

‖v‖2
)x = x− 2(x+ σz)(x+ σz)T

(x+ σz)T (x+ σz)
x =
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= x− (x+ σz)
2(x+ σz)Tx

(x+ σz)T (x+ σz)
÷èñëèòåëü:

2(x+ σz)Tx = 2(xTx+ σzTx) = 2(‖x‖2 + σx1)

çíàìåíàòåëü:
(x+ σz)T (x+ σz) = ‖x‖2 + σx1 + σx1 + σ2

σ = ‖x‖2;
Òîãäà ÷èñëèòåëü = 2σ2 + 2σx1, çíàìåíàòåëü = 2σ2 + 2σx1

Òîãäà
2(x+ σz)Tx

(x+ σz)T (x+ σz)
= 1

Òîãäà Hx = x− x− σz =


−σ
0
....
0


÷òä.
Òåïåðü äîêàæåì, ÷òî ëþáóþ ìàòðèöó A ìîæíî ñâåñòè ê ÂÏÒÔ.

A =

(
a11 ym−1

xm−1 Am−1

)
,

çäåñü ym−1 = (a12, a13, ...., a1m), xm−1 = (a21, a31, ...., am1)
T .

Ïî òðåòüåìó ñâîéñòâó ñïåöèôè÷íîñòè äëÿ âåêòîðà xm−1 âûáåðåì âåêòîð v:
v = xm−1 − σzm−1, ãäå ‖xm−1‖ = σ, zm−1 = (1, 0, ...., 0)

Òîãäà Hm−1xm−1 = −σzm−1 = (−σ, 0, ...., 0)T

Ââåäåì U1 :

U1 =

(
1 012

021 Hm−1

)
Çäåñü 012 = (0, ...0), 021 = (0, ..., 0)T � âåêòîðà äëèíû m− 1
Î÷åâèäíî òàêæå, ÷òî U1 = UT

1

Ïðîâåðèì îðòîãîíàëüíîñòü ìàòðèöû U1:

U 2
1 = U1U1 =

(
1 012

021 Hm−1

)(
1 012

021 Hm−1

)
=

(
1 012

021 H2
m−1

)
= E,

ò.ê. Hm−1Hm−1 = E
Çíà÷èò U−1

1 = UT
1 = U1.

Òîãäà
U−1

1 A = U1A =
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=

(
1 012

021 Hm−1

)(
a11 ym−1

xm−1 Am−1

)
=

(
a11 ym−1

Hm−1xm−1 Hm−1Am−1

)
äîìíîæèì ñïðàâà íà U1, ÷òîáû áûëî ïðåîáðàçîâàíèå ïîäîáèÿ:

U−1
1 AU1 =

(
a11 ym−1

Hm−1xm−1 Hm−1Am−1

)(
1 012

021 Hm−1

)
=

(
a11 ym−1Hm−1

−σ1zm−1 H−1
m−1Am−1Hm−1

)
,

çäåñü σ1 = ‖xm−1‖.
Òîãäà ìàòðèöà èìååò âèä:

U−1AU = C1 =


x x
x x
0 x
0 x
.... ....
0 x

X


Ïåðâûé øàã çàâåðøåí. Íà âòîðîì øàãå áåðåì xm−2 = (c32, c42, ...., cm2)

T , ïî
íåìó îïÿòü âûáèðàåì âåêòîð v è ìàòðèöó Hm−2: Hm−2xm−2 = −σ2zm−2

U2 =

(
1 0
0 1 012

021 Hm−2

)

C2 = U−1
2 U−1

1 AU1U2 =



x x x .... x
x x x .... x
0 x x .... x
0 0 x .... x
0 0 x .... x
.... .... .... .... x
0 0 x .... x


Ò.å. ÷åðåç (m− 2) øàãà ìû ïîëó÷èì ìàòðèöó C:
C = U−1

m−2...U
−1
2 U−1

1 AU1U2...Um−2 - ìàòðèöó ÂÏÒÔ.
Íóæíî óáåäèòüñÿ, ÷òî ïðåîáðàçîâàíèÿ cîõðàíÿëè ñâîéñòâà ïîäîáèÿ.
Îáîçíà÷èì U = U1U2...Um−2

Íàéäåì U−1:

U−1 = (U1U2...Um−2)
−1 = U−1

m−2...U
−1
2 U−1

1 = ò.ê. Ui îðòîãîíàëüíàÿ =
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= UT
m−2...U

T
2 U

T
1 = UT

Òàêèì îáðàçîì U - îðòîãîíàëüíàÿ.
Èìååì C = U−1AU , ãäå C - èìååò ÂÏÒÔ.
Ìû ïîêàçàëè, ÷òî ëþáóþ A ìîæíî ñâåñòè ê ÂÏÒÔ ïðåîáðàçîâàíèÿìè ïîäîáèÿ

ñ ïîìîùüþ îðòîãîíàëüíîé ìàòðèöû.
Çàìå÷àíèå 1:
Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû C ðàâíû ñîáñòâåííûì çíà÷åíèÿìè ìàòðèöû

A: λAk = λCk k = 1, ....,m
Äîêàçàòåëüñòâî:
Ax = λx; x 6= 0
Äîìíîæèì ñëåâà íà U−1: U−1Ax = λU−1x;

îáîçíà÷èì y = U−1x òîãäà x = Uy
òîãäà U−1AUy = λy; y 6= 0
çíà÷èò Cy = λy ⇒ λ - ñîáñòâåííîå çíà÷åíèå C (∀λk) ÷òä.
Çàìå÷àíèå 2:
Ñîõðàíÿåòñÿ ñèììåòðèÿ, ò.å. åñëè A = AT , òî C = CT

Äîêàçàòåëüñòâî:
C = U−1AU
CT = (U−1AU)T = UTAT (U−1)T = U−1AU = C ÷òä.

� 12. Ïîíÿòèå î QR-àëãîðèòìå. Ðåøåíèå ïîëíîé
ïðîáëåìû ñîáñòâåííûõ çíà÷åíèé

Èìååòñÿ ïðîèçâîëüíàÿ ìàòðèöà - êâàäðàòíàÿ, ïîðÿäêà m.

Am×m

Ïîñòàâèì çàäà÷ó - ôàêòîðèçîâàòü ìàòðèöó A â âèä: A = QR,
ãäå Q - îðòîãîíàëüíàÿ, R - èìååò âåðõíþþ òðåóãîëüíóþ ôîðìó

Áåðåì îáîçíà÷åíèÿ:
x = (a11, a21, ...., am1)

T

v = x+ σz , ãäå z = (1, 0, 0, ...., 0) � âåêòîð ðàçìåðà m

ñòðîèì Hm×m
1 :

Hm×m
1 = E − 2vvT

‖v‖2
: H1 = HT

1 = H−1
1

ïîäåéñòâóåì ìàòðèöåé H1 íà ìàòðèöó A:
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H1A =


x x
0 x
0 x
0 x
.... ....
0 x

X


Òåïåðü ïî âòîðîìó ñòîëáöó ñòðîèì H

(m−1)×(m−1)
2 :

H2 =

(
1 012

021 H

)
H−1

2 = HT
2 = H2

Òîãäà

H−1
2 H−1

1 A =


x x
0 x
0 0
0 0
.... ....
0 0

X


×åðåç m− 1 øàã ïîëó÷èì âåðõíþþ òðåóãîëüíóþ ìàòðèöó.
Ïîëó÷èëè ìàòðèöó R = Hm−1Hm−2....H2H1A
Îáîçíà÷èì ÷åðåç Q = H1H2...Hm−1

Íàéäåì Q−1:

Q−1 = (H1H2...Hm−1)
−1 = H−1

m−1....H
−1
1 = HT

m−1....H
T
2 H

T
1 = QT

Òàêèì îáðàçîì Q - îðòîãîíàëüíàÿ, çíà÷èò:
A = QR. Ñëåäîâàòåëüíî ëþáóþ ìàòðèöó ìîæíî QR ðàçëîæèòü.

Ak+1 = Q−1
k AkQk � ïðåîáðàçîâàíèå ïîäîáèÿ ñ îðòîãîíàëüíîé ìàòðèöåé

Ïðè k →∞ è âåùåñòâåííûõ λk:

Ak →


x x ... x
0 x ... x
... ... ... ...
0 0 ... x


Ïðè êîìïëåêñíûõ λk:
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Ak →


x x ... x x x
0 x ... x x x
... ... ... ... ... ...
0 0 ... x x x
0 0 ... x x x
0 0 ... 0 0 x


QR-àëãîðèòì ñõîäèòñÿ ê ìàòðèöå (âåðõíåòðåóãîëüíîé, åñëè λk âåùåñòâåííûå,

è êâàçèâåðõíåòðåóãîëüíîé, åñëè λk êîìïëåêñíûå). Òàêèì îáðàçîì, îí ïðèìåíèì ê
ëþáîé ìàòðèöå.

� 13. Ïðåäâàðèòåëüíîå ïðåîáðàçîâàíèå ìàòðèöû ê
ÂÏÒÔ

Ak = QkRk (1.57)

Ak+1 = RkQk k = 0, 1, ... (1.58)

A→ A0

Ëåììà 1: ïóñòü A, B � ìàòðèöû îäíîãî ïîðÿäêà, B èìååò âåðõíþþ òðå-
óãîëüíóþ ôîðìó, A � âåðõíþþ ïî÷òè òðåóãîëüíóþ ôîðìó, C = BA. Òîãäà C
èìååò âåðõíþþ ïî÷òè òðåóãîëüíóþ ôîðìó.

Äîêàçàòåëüñòâî: B â âåðõíåé òðåóãîëüíîé � òî åñòü bil = 0 ïðè i > l.

cij =
m∑
l=1

bilalj

A â âåðõíåé ïî÷òè òðåóãîëüíîé � òî åñòü alj = 0 ïðè l > j + 1.

cij =

j+1∑
l=1

bilalj

cij = 0 ïðè i > j + 1 � òî åñòü C â âåðõíåé ïî÷òè òðåóãîëüíîé ôîðìå.

Çàäà÷à: A � âåðõíÿÿ ïî÷òè òðåóãîëüíàÿ, B � âåðõíÿÿ òðåóãîëüíàÿ, C = AB.
Äîêàçàòü: C � âåðõíÿÿ ïî÷òè òðåóãîëüíàÿ.

Òåïåðü ìû çíàåì, ÷òî QR-àëãîðèòì íå ïîðòèò ÂÏÒÔ. Ïåðåïèøåì (1.57) è
(1.58):
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Qk = AkR
−1
k = {ÂÏÒÔ} × {ÂÒÔ} = Qk = {ÂÏÒÔ}

Ak+1 = RkQk � ÂÏÒÔ
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Ãëàâà 2

Èíòåðïîëèðîâàíèå è
ïðèáëèæåíèå ôóíêöèé

� 1. Ïîñòàíîâêà çàäà÷è èíòåðïîëèðîâàíèÿ

Èíòåðïîëèðîâàíèå è ïðèáëèæåíèå ôóíêöèé - ýòî î÷åíü ¼ìêîå ïîíÿòèå. Ýòî
ìîæíî ðåøàòü áåñ÷èñëåííûì êîëè÷åñòâîì ñïîñîáîâ, â çàâèñèìîñòè îò ïîñòàâëåí-
íîé öåëè.

Ñåé÷àñ ìû âñïîìíèì è ïîëèíîì Ëàãðàíæà, çàòåì ðàññìîòðèì èíòåðïîëÿöè-
îííûé ïîëèíîì Íüþòîíà. Äàëåå íà÷í¼ì ñòðîèòü ïîëèíîì Ýðìèòà è ïîêàæåì,
äëÿ ÷åãî íóæíû îíè. Íó è íàèëó÷øåå êâàäðàòè÷íîå ïðèáëèæåíèå ôóíêöèè.

Ýòî íàèáîëåå äðåâíÿÿ îáëàñòü, íî îíà àêòóàëüíà è ïîíûíå, ïîñêîëüêó áåç
èíòåðïîëèðîâàíèÿ ìàòåìàòèê îáîéòèñü íå ìîæåò. Ýòî àêòóàëüíî äëÿ ñïåöèàëü-
íûõ ôóíêöèé, êîòîðûå íå âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå, íî èñïîëüçóþòñÿ
äëÿ ðåøåíèÿ äèôóðîâ. Îáû÷íî èñïîëüçóþòñÿ òàáëèöû, íî âîçíèêàåò âîïðîñ, ÷òî
äåëàòü, êîãäà íóæíî ïîëó÷èòü çíà÷åíèå äëÿ àðãóìåíòà, êîòîðîãî íåò â òàáëèöå.
Ïåðâîå ðåøåíèå � ñãóùàòü òàáëèöû. Åù¼ îäíî � ïîëüçîâàòüñÿ èíòåðïîëèðîâà-
íèåì.

Ãäå åù¼ òðåáóåòñÿ èíòåðïîëèðîâàíèå � åñòü äîìíà, çà íåé íàäî ñëåäèòü. Íà-
äî íàñòàâèòü äàò÷èêîâ, íî ìíîãî èõ ïîñòàâèòü íåëüçÿ, èíà÷å îíà ðàçðóøèòñÿ, à
èíôîðìàöèþ íàäî ïîëó÷àòü ïî âñåìó ïðîôèëþ. Ïîýòîìó íàäî èñïîëüçîâàòü èí-
òåðïîëÿöèþ.

Åø¼ îäíî ïðèìåíåíèå � ðàçíîñòíûå ñõåìû.
Åù¼ îäíî ïðèìåíåíèå � ýêñòðàïîëèðîâàíèå.
Îáû÷íî áóäåì èñïîëüçîâàòü ïðèáëèæåíèå ïîëèíîìîì.

f(x) x ∈ [a, b] a ≤ x0 < x1 < ... < xn ≤ b
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{xi}n0 � óçëû èíòåðïîëÿöèè.

f(xi) = fi, i = 0...n (2.1)

Pn(x) = a0 + a1x+ ...+ anx
n (2.2)

Pn(xi) = fi, x = 0...n (2.3){
a0 + a1x0 + ...+ anx

n
0 = f0...a0 + a1xn + ...+ anx

n
n = fn (2.4)

Îïðåäåëèòåëü ñèñòåìû � îïðåäåëèòåëü Âàíäåðìîíäà:∣∣∣∣∣∣∣∣
1 x0 x2

0 ... xn0
1 x1 x2

1 ... xn1
... ... ... ... ...
1 xn x2

n ... xnn

∣∣∣∣∣∣∣∣ =
∏

n≥i>j≥0

(xi − xj) 6= 0

Òàê êàê îí íåíóëåâîé, ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå.

� 2. Èíòåðïîëÿöèîííàÿ ôîðìóëà Ëàãðàíæà

Ln(xi) = fi, i = 0...n (2.5)

ck(x) � ïîëèíîì n-é ñòåïåíè.

Ln(x) =
n∑
k0

ck(x)f(xk) (2.6)

ω(x) =
n∏
i=0

(x− xi) (2.7)

Ïðîäèôôåðåíöèðóåì ω(x):

ω(x) = [...](x− xk)

ω′(x) = [...] + [...]′(x− xk) =
n∏
k 6=j

(xk − xj)

Âîçüì¼ì ck(x) = ω(x)
(x−xk)ω′(xk) . Òîãäà

Ln(x) =
n∑
k=0

ω(x)

(x− xk)ω′(xk)
f(xk) (2.8)
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Ïîãðåøíîñòü äëÿ Ln(x):

ΨLn(x) = f(x)− Ln(x)

g(s) = f(s)− Ln(s)−Kw(s)

g(x) = 0; K = f(x)−Ln(x)
w(x)

ΨLn(x) =
f (n+1)(ξ)

(n+ 1)!
ω(x)

|ΨLn(x)| =
Mn+1

(n+ 1)!
|ω(x)| (2.9)

Mn+1 = sup |f (n+1)(x)|.
Çàìå÷àíèå: åñëè f(x) � ïîëèíîì ñòåïåíè n èëè ìåíüøå, òî ïîãðåøíîñòü áóäåò

ðàâíà íóëþ, è ìû ïîëó÷èì â òî÷íîñòè åãî.
Åù¼ çàìå÷àíèå: âîîáùå ãîâîðÿ, Ln(x) 6→ f(x).

� 3. Ðàçäåëåííûå ðàçíîñòè

f(x) x ∈ [a, b] a ≤ x0 < x1 < ... < xn ≤ b

Ðàçäåë¼ííàÿ ðàçíîñòü ïåðâîãî ïîðÿäêà îïðåäåëÿåòñÿ êàê

f(xi, xj) =
f(xj)− f(xi)

xj − xi
Â ÷àñòíîñòè,

f(x0, x1) =
f(x1)− f(x0)

x1 − x0

Ðàçäåë¼ííàÿ ðàçíîñòü âòîðîãî ïîðÿäêà:

f(x0, x1, x2) =
f(x1, x2)− f(x1, x0)

x2 − x0

Ðàçäåë¼ííàÿ ðàçíîñòü âûñøèõ ïîðÿäêîâ îïðåäåëÿåòñÿ àíàëîãè÷íî.

Âûðàçèì îïðåäåëÿþùóþ ðàçíîñòü k-ãî ïîðÿäêà ÷åðåç êðàòíîñòü óçëà.
Óòâåðæäåíèå:
Ðàçäåëåííàÿ ðàçíîñòü k-ãî ïîðÿäêà ïðåäñòàâèì â âèäå

f(x0, x1, . . . , xk) =
k∑
i=0

f(xi)

w′(xi)
,
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ãäå
w(x) = (x− x0)(x− x1) . . . (x− xn);

wα,β(x) = (x− xα)(x− xα+1) . . . (x− xβ);

w
′
(xi) = w

′

0,k(xi) = Πk
j=0
j 6=i

(xi − xj)

Äîêàçàòåëüñòâî:
Ïî èíäóêöèè:

1)Ïî îïðåäåëåíèþ:

f(x0, x1) =
f(x1)− f(x0)

x1 − x0
=

f(x0)

x0 − x1
+

f(x1)

x1 − x0

2)Ïóñòü

f(x0, . . . , xl+1) =
l∑

i=0

f(xi)

w
′

0,l(xi)

f(x1, . . . , xl+1) =
l+1∑
i=0

f(xi)

w
′

1,l+1(xi)

3)

f(x0, x1, . . . , xl+1) =
f(x1, . . . , xl+1)− f(x0, . . . , xl)

xl+1 − x0

Â ñóììèðîâàíèè ïðåäåëû ðàçíûå. Âûäåëèì èõ:

⇒ f(x0, x1, . . . , xl+1) =
f(x0)

(x0 − xl+1)w
′

0,l(x0)
+

f(xl+1)

(xl+1 − x0)w
′

1,l+1(xl+1)
+

+
l∑

i=1

f(xi)

xl+1 − x0
(

1

w
′

1,l+1(xi)
− 1

w0,l(xi)
)

Òàêæå
(xl+1 − x0)w

′

1,l+1(xl+1) = w0,l+1(xl+1),

(x0 − xl+1)w0,l
′(x0) = w

′

0,l+1(x0),

1

xl+1 − x0
(

1

w
′

1,l+1(xi)
− 1

w
′

0,l(xi)
) =

=
1

xl+1 − x0
(

xi − x0

w
′

1,l+1(xi)(xi − x0)
− x0 − xi
w
′

0,l(xi)(x0 − xi)
) =

=
1

xl+1 − x0
(

(xi − x0)

w0,l+1
′(xi)

− xi − xl+1

w
′

0,l+1(xi)
) =

1

w
′

0,l+1(xi)
⇒
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f(x0, . . . , xl+1) =
k∑
i=0

f(xi)

w
′

0,k(xi)

Âûðàçèì çíà÷åíèå ôóíêöèè â k-îé òî÷êå ÷åðåç çíà÷åíèå â íóëåâîé è ðàçäå-
ëåííîé ðàçíîñòè k-ãî ïîðÿäêà.

Äîêàçûâàåì ïî ïî èíäóêöèè:

1)k = 1 :

f(x0, x1) =
f(x0)

x0 − x1
+

f(x1)

x1 − x0
=
f(x1)− f(x0)

x1 − x0

(x1 − x0)f(x0, x1) = f(x1)− f(x0)f(x1) = f(x0) + (x− x0)f(x0, x1)

2)k = 2 :

f(x0, x1, x2) =
f(x0)

(x0 − x1)(x0 − x2)
+

f(x1)

(x1 − x0)(x1 − x2)
+

fx2

(x2 − x0)(x2 − x1)

(x2 − x0)(x2 − x1)f(x0, x1, x2) = −f(x0)(x2 − x1)

x0 − x1
+
f(x1)(x2 − x0)

x0 − x1
+ f(x2)

Çàìåòèì, ÷òî

f(x1)(x2 − x0)

x0 − x1
=
f(x0)(x2 − x0)

x0 − x1
− f(x0, x1)(x2 − x0)−

−f(x0)(x2 − x1)

x0 − x1
+
f(x0)(x2 − x0)

x0 − x1
=

f(x0)

x0 − x1
(x2 − x0 − x2 + x1) = −f(x0)

f(x2) = f(x0) + (x2 − x0)f(x0, x1) + (x2 − x0)(x2 − x1)f(x0, x1, x2)⇒

f(xk) = f(x0)+(xk−x0)f(x0, x1)+(xk−x1)(xk−x2)f(x0, x1, x2)+· · ·+(xk−x0)(xk−x1) . . . (xk−xk−1)f(x0, . . . , xk)

� 4. Èíòåðïîëÿöèîííàÿ ôîðìóëà Íüþòîíà

Îáîçíà÷èì n+ 1 óçåë êàê {xi}n0 , â ýòèõ óçëàõ îïðåäåëåíà ôóíêöèÿ f(xi) = fi.
Îáùèé âèä ïîëèíîìà Íüþòîíà n-îé ñòåïåíè:

Nn(x) = f(x0) + (x− x0)f(x0, x1) + (x− x0)(x− x1)f(x0, x1, x2) + · · ·

+(x− x0)(x− x1) . . . (x− xn−1)f(x0, . . . , xn)
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Ìû äîëæíû ïîêàçàòü, ÷òî Nn(xi) = f(xi), i = 0, . . . , n.
Â ýòîì ñëó÷àå ïîëèíîì áóäåò èíòåðïîëÿöèîííûì.

Nn(xi) = f(xi) = f(x0) + (xi − x0)f(x0, x1) + (xi − x0)(x2 − x1)f(x0, x1, x2) + · · ·

+(xi − x0)(xi − x1) . . . (xi − xi−1)f(x0, . . . , xi) = f(xi)

Äàííîå òîæäåñòâî ñîâïàäàåò ñ ïîëèíîìîì Ëàãðàíæà, òîëüêî îòëè÷àåòñÿ âíåø-
íèì âèäîì. Â íåêîòîðûõ çàäà÷àõ âèä ïîëèíîìà â ôîðìå Ëàãðàíæà íå óäîáåí.

Ïîãðåøíîñòü èíòåðïîëÿöèîííîãî ïîëèíîìà Íüþòîíà:

ΨNn(x) =
f (n+1)(ξ)

(n+ 1)!
w(x)

Ïðè Mn+1 = sup | f(x)n+1| ⇒| ΨNn(x) |≤ Mn+1

(n+1)! | w(x) |.
Òàì, ãäå óçëû óâåëè÷èâàþòñÿ (íàïðèìåð ïðè ðàáîòå ñ òàáëèöàìè Áðàäèñà)

îáû÷íî èñïîëüçóþò èíòåðïîëÿöèîííûé ïîëèíîì Íüþòîíà.

� 5. Èíòåðïîëÿöèðîâàíèå ñ êðàòíûìè óçëàìè. Ïî-
ëèíîìû Ýðìèòà

Óçëû îáîçíà÷èì êàê {xi}m0 . Ïóñòü ñóùåñòâóþò

f(x0), . . . , f(xm)

f
′
(x0), . . . , f

′
(xm) . . . fa0−1(x0), . . . , f

am−1(xm),

ãäå ai ∈ N - êðàòíîñòü óçëà xi:

H(i)
n (xk) = f (i)(xk) (2.10)

Ñóììà êðàòíîñòåé a0 + · · ·+ am = n+ 1⇒

Hn(x) =
m∑
k=0

ak−1∑
i=0

ck,i(x)f (i)(xk) (2.11)

Ïîñòðîèì ïîëèíîì Ýðìèòà H3 â çàäàííûõ òî÷êàx x0, x1, x2. Òî÷êà x1 ÿâëÿåòñÿ
êðàòíîé. ⇒

H3(x0) = f(x0)

H3(x1) = f(x1)

H3(x2) = f(x2)

H
′

3(x1) = f
′
(x1)
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Îáùèé âèä ïîëèíîìà Ýðìèòà òðåòüåé ñòåïåíè:

H3(x) = c0(x)f(x0) + c1(x)f(x1) + c2(x)f(x2) + b1(x)f
′
(x1) (2.12)

Ïðè
c0(x0) = 1, c1(x0) = 0, c2(x0) = 0, b1(x0) = 0

c0(x1) = 0, c1(x1) = 1, c2(x1) = 0, b1(x1) = 0

c0(x2) = 0, c1(x2) = 0, c2(x2) = 1, b1(x2) = 0

c
′

0(x1) = 0, c
′

1(x1) = 1, c
′

2(12) = 0, b
′

1(x1) = 1

Òîãäà H3 óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì.
Ïóñòü x1�äâóêðàòíûé êîðåíü â c0, c2:

c0 = k(x− x2)(x− x1)
2

c0(x0) = 1 = k(x0 − x2)(x0 − x1)
2 ⇒

c0(x) =
(x− x1)

2(x− x2)

(x0 − x1)2(x0 − x2)

Àíàëîãè÷íî:

c2(x) =
(x− x1)

2(x− x0)

(x2 − x1)2(x2 − x0)

(b1(x) = k1(x− x0)(x− x1)(x− x2)

b1(x) = (x− x1)(k1(x− x0)(x− x2))

b
′

1(x) = (k1(x− x0)(x− x2)) + (x− x1)(k1(x− x0)(x− x2))
′

b
′

1(x1) = 1 = k(x1 − x0)(x1 − x2)

b1(x) =
(x− x0)(x− x1)(x− x2)

(x1 − x0)(x1 − x2)

c1(x) = (x− x0)(x− x2)(ax+ b)

c1(x1) = 1 = (x1 − x0)(x1 − x2)(ax1 + b)⇒

(ax1 + b) =
1

(x1 − x0)(x1 − x2)

c
′

1(x) = a(x− x0)(x− x2) + (ax+ b)(2x− x0 − x2)

c
′

1(x) = 0 = a(x1 − x0)(x1 − x2) + (ax1 + b)(ax1 − x0 − x2)

Ïîäñòàâëÿÿ (ax1 + b):

a = − 2x1 − x0 − x2

(x1 − x0)2(x1 − x2)2
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b =
1

(x1 − x0)(x1 − x2)
(1 +

(2x1 − x0 − x2)x1

(x1 − x0)(x1 − x2)
)

c1(x) =
(x1 − x0)(x− x2)

(x1 − x0)(x1 − x2)
(1− (2x1 − x0 − x2)(x− x1)

(x1 − x0)(x1 − x2)
)

Òàêèì îáðàçîì âñå êîýôôèöèåíòû îäíîçíà÷íî íàõîäÿòñÿ â ÿâíîì âèäå.
Îöåíêà ïîãðåøíîñòè H3(x), x0, x1, x2 � òàê æå, êàê äåëàëè äëÿ Ëàãðàíæà.

g(s) = f(s)−H3(s)−Kω(s)

ω(s) = (x− x0)(x− x1)
2(x− x2)

x0 ≤ s ≤ x2, x ∈ [x0, x2],

Êîíñòàíòó K áóäåì âûáèðàòü:

g(x) = 0 = f(x)−H3(x)−Kω(x)

K =
f(x)−H3(x)

ω(x)

Äàëüíåéøèé àëãîðèòì ïîëíîñòüþ ñîâïàäàåò, íî õèòðîñòü âîêðóã òåîðåìû Ðîë-
ëÿ.

Ðàññìîòðèì g(x). Îíà èìååò ïî êðàéíåé ìåðå 4 íóëÿ íà [x0, x2]: 3 âî ìíîæèòå-
ëÿõ è îäíî g(x) = 0.

Ãëàäêîñòè õâàòàåò. Ïðèìåíèì òåîðåìó Ðîëëÿ � ó g′ íå ìåíåå 3 íóëåé, ó g′′ �
íå ìåíåå 2, ó g′′′ � íå ìåíåå 1, íî ýòîãî ìàëî, ω(s) � ïîëèíîì ÷åòâ¼ðòîé ñòåïåíè.

Íî èç-çà êðàòíîñòè óçëà x1: åñòü åù¼ g
′(x1) = 0, òàê ÷òî ó ïðîèçâîäíîé 4 íóëÿ.

Ó ÷åòâ¼ðòîé íîëü åñòü: ∃ξ, g(4)(ξ) = 0.

×åòûðåæäû äèôôåðåíöèðóåì:

g(4)(s) = f (4)(s)− 4!K

Îáîçíà÷èì M4 = sup
x0≤x≤x2

|f (4)(x)|

Òîãäà

|f(x)−H3(x)| = |ΨH3
(x)| ≤ M4

4!
|ω(x)| = M4

4!
|(x− x0)(x− x1)

2(x− x2)|

Åñëè ÷òî-òî îáðàùàåòñÿ â íîëü, ïðèáëèæåíèå áóäåò òî÷íûì
Àíàëîãè÷íî:

ΨHn
(x) =

f (n+1)(ξ)

(n+ 1)!
(x− x0)

a0(x− x1)
a1...(x− xm)am
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Mn+1 = sup
x
|f (n+1)(x)|

|ΨHn
(x)| ≤ Mn+1

(n+ 1)!
|ω(x)|

Ïðèä¼òñÿ ñ÷èòàòü îãðîìíîå êîëè÷åñòâî ýòèõ èíòåãðàëîâ, à àíàëèòè÷åñêè ýòî
ñëîæíî! À ÷èñëåííî ëó÷øå áû ïîòî÷íåå � çäåñü ïîìîãóò ôîðìóëû Ãàóññà.

Çàäà÷à 1:
Íåîáõîäèìî èç ïîëèíîìà Ëàãðàíæà ïðåäåëüíûì ïåðåõîäîì ïîëó÷èòü ïîëèíîì

Ýðìèòà.
x0, x1, x2 óçëû, x3 ôèêòèâíûé, x3 → x1. Äîêàçàòü, ÷òî lim

x3→x1
L3(x) = H3(x).

Ðåøåíèå:
Ïî çàäàííûì òðåì òî÷êàì ìîæíî îäíîçíà÷íî ïîñòðîèòü ïîëèíîì L3(x):

L3(x) =
(x− x0)(x− x1)(x− x2)

(x0 − x1)(x0 − x2)(x0 − x3)
f(x0) + ...

Îñóùåñòâèì ïðåäåëüíûé ïåðåõîä îò x1 ê x3:

L3(x)→ (x− x1)
2(x− x2)

2

(x0 − x1)2(x0 − x2)2
f(x0) + ... = H3

� 6. Èñïîëüçîâàíèå Ïîëèíîìà Ýðìèòà äëÿ îöåíêè
ïîãðåøíîñòè êâàäðàòóðíîé ôîðìóëû Ñèìïñîíà

Ïðåäâàðèòåëüíûå çàìå÷àíèÿ:
Çàáåãàÿ âïåð¼ä: ïîëó÷èòñÿ ïÿòûé ïîðÿäîê äëÿ ÷àñòè÷íîãî îòðåçêà è ÷åòâ¼ðòûé

- äëÿ âñåãî îòðåçêà. À òðàïåöèÿ - òîëüêî âòîðîé ïîðÿäîê.

Îïðåäåëåííûé èíòåãðàë
b∫
a

f(x) dx âû÷èñëÿåì ïðèáëèæ¼ííî êâàäðàòóðíîé

ôîðìóëîé Ñèìïñîíà. Äëÿ ýòîãî ðàçáèâàåì îòðåçîê íà n ÷àñòè÷íûõ îòðåçêîâ
a ≤ x0 < x1 < ... < xN ≤ b òàê, ÷òî xi − xi−1 = h.

xi∫
xi−1

f(x) dx =
h

6
(fi−1 + 4fi− 1

2
+ fi), (2.13)

fi = f(xi),

fi−1/2 = f(xi−1 + 0.5h)

� ôîðìóëà Ñèìïñîíà íà ÷àñòè÷íîì îòðåçêå.
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Çàìåíÿåì ïîäûíòåãðàëüíîå f(x) ïîëèíîìîì, â íàøåì ñëó÷àå ïàðàáîëîé. Ïî-
ãðåøíîñòü � èíòåãðàë îò ïîãðåøíîñòè! Èç ýòèõ ñîîáðàæåíèé âûõîäèò 4-é ïîðÿäîê,
à ìû ïîëó÷èì 5-é.

Ôîðìóëà òî÷íà äëÿ ïîëèíîìîâ äî òðåòüåé ñòåïåíè:

f(x) = a0 + a1x+ a2x
2 + a3x

3

� äî x2 ôîðìóëà Ëàãðàíæà òî÷íà, ôîðìóëà Ñèìïñîíà òî÷íà ïî ïîñòðîåíèþ.
Îñòà¼òñÿ x3.

Õîòèì ïîêàçàòü:
xi∫

xi−1

x3 dx =
x4
i − x4

i−1

4
=

=
(x2

i − x2
i−1)(x

2
i + x2

i−1)

4
=

(xi − xi−1)(xi + xi−1)(x
2
i + x2

i−1)

4
=

=
h

4
(xi + xi−1)(x

2
i + x2

i−1)

Òåïåðü ñâîäèì ôîðìóëó Ñèìïñîíà ê ýòîìó.
Çàïèñûâàåì:

h

6
(x3

i−1 + 4x3
i−1/2 + x3

i ) =

h

6
((xi−1 + xi+1)(x

2
i−1 − xixi−1 + x2

i ) + 4(
xi + xi−1

2
)3) =

=
h

6
((xi−1 + xi)(x

2
i−1 + xixi−1 + x2

i ) +
(xi + xi+1)(x

2
i + 2xixi−1 + x2

i−1)

2
) =

=
h

6
(xi + xi−1)(

2xi−1 − 2xixi−1 + 2x2
i + x2

i + 2xixi−1 + x2
i−1

2
) =

=
h

12
(xi + xi−1)3(x2

i−1 + x2
i ) =

=
h

4
(xi + xi−1)(x

2
i + x2

i−1) =

xi∫
xi−1

x3 dx

Ýòîò ôàêò ïðèãîäèòñÿ äëÿ ïîëó÷åíèÿ òî÷íîé îöåíêè. Îíà áóäåò òî÷íà äëÿ
H3(x), òàê êàê ýòî ïîëèíîì òðåòüåé ñòåïåíè.

Ðàññìîòðèì H3(x) â óçëàõ xi−1, xi−1/2, xi:

H3(xi−1) = f(xi−1); H3(xi−1/2) = fi−1/2;

H3(xi) = fi; H
′
3(xi−1/2) = f ′i−1/2
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Ìû çíàåì î ñóùåñòâîâàíèè è åäèíñòâåííîñòè, íî â ÿâíîì âèäå îí íàì íå íóæåí.
Íóæíà òîëüêî ïîãðåøíîñòü è ôàêò òîãî, ÷òî îí òðåòüåé ñòåïåíè.

ΨH3(x) =
f (4)(ξ)

4!
(x− xi−1)(x− xi−1/2)

2(x− xi)

f(x) = H3(x) + ΨH3
(x)

Ïîäñòàâëÿåì: ∫
xi−1

xif(x) dx =

∫
xi−1

xiH3(x) dx+

∫
xi−1

xiΨH3
(x) dx =

=
h

6
(H3(xi−1) + 4H3(xi−1/2) +H3(xi)) +

∫
xi−1

xiΨH3
(x) dx =

=
h

6
(fi−1 + 4fi−1/2 + fi) + Ψi(f)

Òîãäà ïîãðåøíîñòü:

Ψi(f) =

xi∫
xi−1

ΨH3
(x) dx− h

6
(fi−1 + 4fi−1/2 + fi)

M4 = sup
x
|f (4)(x)|

Ïåðåïèøåì ôóíêöèþ, ÷òîáû áûëà íåîòðèöàòåëüíàÿ, óáðàâ ìîäóëü:

|Ψi(f)| ≤ M4

4!

xi∫
xi−1

(x− xi−1)(x− xi−1/2)
2(xi − x) dx

Çàäà÷à 1:

Äîêàçàòü
xi∫

xi−1

(x− xi−1)(x− xi−1/2)
2(xi − x) dx = h5

120 .

Ðåøåíèå:
Ïóñòü x = xi−1 + th, 0 ≤ x ≤ 1⇒

dx = hdt, x− xi−1 = th

xi − x = h(1− t), (x− xi− 1
2
)2 = (t− 1

2
)2 ⇒

xi∫
xi−1

(x− xi−1)(x− xi− 1
2
)2(xi − x)dx =
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= h5

1∫
0

t(1− t)(t− 1

2
)2dt = h5

1∫
0

(2t3 − 5

4
t2 − t4 =

t

4
)dt =

h5

120

Îöåíèì ïîãðåøíîñòü íà âñåì îòðåçêå [a, b]. Íàäî îöåíèâàòü ïîëèíîìîì Ýðìè-
òà, à íå Ëàãðàíæà. Âòîðîé äàë áû ãðóáóþ îöåíêó. Íî íà âñ¼ì îòðåçêå � òîëüêî
4:

Ψh(f) =

b∫
a

f(x) dx−
N∑
i=1

Ψi(f)

|Ψh(f)| ≤ (
h

2
)4b− a

180
,

hN = b− a.

� 7. Íàèëó÷øåå ñðåäíåêâàäðàòè÷íîå ïðèáëèæåíèå
ôóíêöèé

H = L2[a, b] (ãèëüáåðòîâî ïðîñòðàíñòâî): ∀f ∈ L2[a, b] :
b∫
a

f 2(x) dx <∞

Ââåäåì íîðìó:

∀f, g ∈ L2 : (f, g) =

b∫
a

f(x)g(x) dx; ||f ||L2
=

√√√√√ b∫
a

f 2(x) dx

Â ýòîì ïðîñòðàíñòâå è ñòðîèòñÿ íàèëó÷øåå ñðåäíåêâàäðàòè÷íîå ïðèáëèæåíèå.
Òåïåðü ñòàâèì çàäà÷ó:

Ïóñòü φ0(x), φ1(x), ..., φn(x) ∈ L2 - çàäàííûå n+ 1 ôóíêöèè, óäîâëåòâîðÿþùèå

óñëîâèþ ∀i :
b∫
a

φ2
i (x) dx <∞

Ïóñòü òàêæå âñå ôóíêöèè ëèíåéíî íåçàâèñèìû.
Îáîáù¼ííûì ìíîãî÷ëåíîì íàçîâåì ìíîãî÷ëåí, èìåþùèé âèä:

φ(x) = c0φ0(x) + ...+ cnφn(x) =
n∑
k=0

ckφk(x) (2.14)

ãäå ck, k = 0, 1, ..., n - âåùåñòâåííûå ÷èñëà.
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Íåîáõîäèìî ñðåäè âñåõ îáîáù¼ííûõ ìíîãî÷ëåíîâ âèäà 2.14 íàéòè òàêîé φ(x) =
n∑
k=0

ckφk(x), êîòîðûé ìèíèìèçèðóåò íîðìó

||f − φ||L2
= min

φ(x)
||f − φ||L2

φ è åñòü íàèëó÷øåå ñðåäíåêâàäðàòè÷íîå ïðèáëèæåíèå f ïî ñèñòåìå {φi(x)}n0 .
Ìû äîêàæåì, ÷òî îíî âñåãäà ñóùåñòâóåò è åäèíñòâåííî.
×òîáû ïîíÿòü, ðàññìîòðèì ïðèìåð. Ïóñòü n = 0, φ0(x) ∈ L2. Òîãäà φ(x) =

c0φ0(x)

F (c0) =

b∫
a

(f(x)− c0φ0(x))2 dx−
b∫

a

f 2(x) dx−

−2c0

b∫
a

f(x)φ0(x) dx+ c2
0

b∫
a

φ2
0(x) dx

� êâàäðàòè÷íàÿ ôóíêöèÿ îòíîñèòåëüíî x0. Ïàðàáîëà ââåðõ, ïîýòîìó åå ìèíèìóì
äîñòèãàåòñÿ â c0, òàêîé ÷òî: F ′(c0) = 0.

Ñëåäîâàòåëüíî:

2c0

b∫
a

f(x)φ0(x) dx = 2c0

b∫
a

φ2
0(x) dx⇒

c0 =

b∫
a

f(x)φ0(x) dx

b∫
a

φ2
0(x) dx

=
(f, φ0)

(φ0, φ0)

Òîãäà φ(x) = c̄0φ0(x). Îíà ñóùåñòâóåò è åäèíñòâåííà.
Åñëè φ0(x) = 1:

c0 =

b∫
a

f(x) dx

b− a

φ(x) = c0 × 1 = ñðåäíåå çíà÷åíèå èíòåãðàëà =

b∫
a

f(x) dx

b− a
Ïðîñìîòðåëè âåñü ìåõàíèçì. Äàëüøå ïîíèìàåì, ÷òî â ñëó÷àå áîëüøåãî êîëè-

÷åñòâà ïåðåìåííûõ ïðîöåññ áóäåò àíàëîãè÷åí, ïîðîäèòñÿ ñèñòåìà äëÿ íàõîæäåíèÿ
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ci:

{φi(x)}n0

b∫
a

φ2
i (x) dx <∞,

òî åñòü φi(x) ∈ L2[a, b].

F (c0, c1, ..., cn) =

b∫
a

(f(x)− φ(x))2 dx =

b∫
a

(f(x)−
n∑
k=0

ckφk(x))2 dx

� ìèíèìèçèðóåì ýòîò èíòåãðàë.

Ìèíèìóì äîñòèãàåòñÿ, ãäå ∂F
∂ck

= 0, k = 0, ..., n

F (c0, c1, ..., cn) =

b∫
a

f 2(x) dx− 2
n∑
k=0

ck

b∫
a

f(x)φk(x) dx+

+
n∑
k=0

ck

n∑
l=0

cl

b∫
a

φk(x)φl(x) dx =

= (f, f)− 2
n∑
k=0

ck(f, φk) +
n∑
k=0

ck

n∑
l=0

cl(φk, φl)

F (c0, c1, ...., cn) =

=

b∫
a

f 2(x) dx− 2
n∑
k=0

ck

b∫
a

f(x)φk(x) dx+
n∑
k=0

ck

n∑
l=0

cl

b∫
a

φk(x)φl(x) dx =

= (f, f)− 2
n∑
k=0

ck(f, φk) +
n∑
k=0

ck

n∑
l=0

cl(φk, φl)

Ðàññìîòðèì òåïåðü ñèñòåìó:

δF (c0, ...., cn)

δck
= 0, k = 0, 1, ...., n

n∑
l=0

cl(φk, φl) = (f, φk), k = 0, 1, ...., n

Ïðè k = 0:
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
c0(φ0, φ0) + c1(φ0, φ1) + ....+ cn(φ0, φn) = (f, φ0)

c0(φ1, φ0) + c1(φ1, φ1) + ....+ cn(φ1, φn) = (f, φ1)

........

c0(φn, φ0) + c1(φn, φ1) + ....+ cn(φn, φn) = (f, φn)

(2.15)

c̄i = (fi, φi) (2.16)

Âûïèøåì ìàòðèöó ñèñòåìû:
(φ0, φ0) (φ0, φ1) .... (φ0, φn)
(φ1, φ0) (φ1, φ1) .... (φ1, φn)
.... .... .... ....

(φn, φ0) (φn, φ1) .... (φn, φn)

 = G(φ0, ...., φn); |G| > 0

Ïîëó÷èëè ìàòðèöó Ãðàìà. Åå ãëàâíîå ñâîéñòâî - åñëè ñèñòåìà ïîñòðîåíà íà
ìàòðèöå Ãðàìà, òî ñèñòåìà íå âûðîæäåíà. Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî ïðè-
ìåíèì êðèòåðèé îïðåäåëåííîñòè ñèñòåìû (ò.ê. ìàòðèöà âûðîæäåííàÿ).

È ìû íàõîäèì c̄0, c̄1, ...., c̄n.

È òîãäà φ̄(x) =
n∑
i=0

c̄iφi(x) - áóäåò íàèëó÷øèì ñðåäíåêâàäðàòè÷íûì ïðèáëèæå-

íèåì.
Òàêèì îáðàçîì ñðåäíåêâàäðàòè÷íîå ïðèáëèæåíèå ñóùåñòâóåò è åäèíñòâåííî.
÷òä.

Åñëè ñèñòåìà {φi(x)}n0 - îðòîíîðìèðîâàííàÿ, òî ìàòðèöà Ãðàììà - åäèíè÷íàÿ.
È òîãäà âû÷èñëåíèÿ áóäóò îñóùåñòâëÿòüñÿ ïî ôîðìóëàì 2.16 è êîýôôèöèåíòû
áóäóò íàçûâàòüñÿ êîýôôèöèåíòàìè Ôóðüå - îíè íàõîäÿòñÿ ãîðàçäî ïðîùå.

Ïî âîçìîæíîñòè äëÿ ËÍÇ ñèñòåì ïðîâîäÿò îðòîãîíàëèçàöèþ è îðòîíîðìèðî-
âàíèå. Îêàçûâàåòñÿ ÷òî ïðè ðàññìîòðåíèè ïðîñòîãî âàðèàíòà ñèñòåìû:

1, x, x2, ...., xn; φi(x) = xi

Èç ýòîé ñèñòåìû ñêàëÿðíûå ïðîèçâåäåíèÿ ýòèõ ôóíêöèé ðàññìàòðèâàþòñÿ êàê
èíòåãðàëû:

β∫
α

ρ(x)φk(x)φl(x) dx = (φk, φl)

Çäåñü ρ(x) > 0 - âåñîâàÿ ôóíêöèÿ.
Åñëè áðàòü ðàçëè÷íûå âåñà, òî ìîæíî ïîñòðîèòü ñèñòåìó îðòîãîíàëüíûõ ïî-

ëèíîìîâ: ßêîáè, Ëåæàíäðà, ×åáûøåâà è ò.ä.. Ïî ýòèì ïîëèíîìàì íàì óäîáíåé
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ñòðîèòü ïðèáëèæåíèÿ. Åñëè ñèñòåìà îðòîíîðìèðîâàííà, òî òîãäà íåòðóäíî âû-
÷èñëèòü îòêëîíåíèå íàèëó÷øåãî ñðåäíåêâàäðàòè÷íîãî ïðèáëèæåíèÿ:

F (c0, c1, ...., cn) =

b∫
a

[f(x)−
n∑
k=0

ckφk(x)]2 dx = (f, f)−
n∑
k=0

c2
k ≥ 0

Òîãäà ïîëó÷àåì, ÷òî (f, f) ≥
n∑
k=0

c2
k.

Òîãäà âûõîäèò íåðàâåíñòâî Áåññåëÿ: ‖f‖2 ≥
n∑
k=0

c2
k

Â ñëó÷àå ÎÍÁ - ïîëó÷àåì ðàâåíñòâî Ïàðñåâàëÿ: ‖f 2‖ =
n∑
k=0

c2
k

Îáîáùåíèå:
Ïóñòü èìåþòñÿ áàçèñíûå ôóíêöèè:
φ0(xi), φ1(xi), ...., φn(xi) - çàäàííûå â óçëàõ {xi}

Òîãäà ââîäèì ïðîñòðàíñòâî äèñêðåòíûõ ôóíêöèé H. Â íåì ââîäèì ñêàëÿðíîå
ïðîèçâåäåíèå äëÿ ïðîèçâîëüíûõ ôóíêöèé:

(f, g) =
n∑
i=0

figi

Òîãäà ìîæíî ââåñòè íîðìó, ýòî áóäåò àíàëîã äèñêðåòíîé L2 íîðìû:

‖f‖ = (f, f)
1
2 = (

n∑
i=0

f 2
i )

1
2 )

Äàëüøå ñòðîèì φ(xi) =
n∑
k=0

ckφk(xi), òàêîé ÷òîáû

‖f −
n∑
k=0

ckφk(xi)‖2 = F (c0, c1, ...., cn) =

= (f, f)− 2
n∑
k=0

ck(f, φk) +
n∑
k=0

ck

n∑
l=0

cl(φkφl)

Ñëåäîâàòåëüíî, â ñëó÷àå êîãäà è áàçèñíûå ôóíêöèè è ïðèáëèæàåìûå ôóíêöèè
çàäàíû äèñêðåòíî, ìû ïîëó÷èì òàêóþ æå ñèñòåìó óðàâíåíèé äëÿ íàõîæäåíèÿ êî-
ýôôèöèåíòîâ c̄i îáîáùåííîãî ìíîãî÷ëåíà. Ïîýòîìó âîïðîñû î ñóùåñòâîâàíèè è
åäèíñòâåííîñòè íàèëó÷øåì ñðåäíåêâàäðàòè÷íîì ïðèáëèæåíèè â äèñêðåòíîì ñëó-
÷àå ðåøàþòñÿ àíàëîãè÷íî.
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Ãëàâà 3

×èñëåííîå ðåøåíèå
íåëèíåéíûõ óðàâíåíèé è
ñèñòåì íåëèíåéíûõ óðàâíåíèé

� 1. Ââåäåíèå

Èçó÷àÿ ïðîáëåìû ñîáñòâåííûõ çíà÷åíèé, ñòàíîâèòñÿ ÿñíî, ÷òî ñëîæíî íàéòè
ñïåêòð îïåðàòîðîâ àíàëèòè÷åñêè.

Ïðîáëåìà íàõîæäåíèÿ ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ f(x) = 0 - î÷åíü àêòó-
àëüíà.

f(x) - ïðîèçâîëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ.
Â òàêèõ ñëó÷àÿõ íà÷àëüíîå ïðèáëèæåíèå íóæíî âûáèðàòü íå ñëó÷àéíûì.

Ïîýòîìó êîðåíü íàäî ëîêàëèçîâàòü.

1 ýòàï
Ïóñòü x∗ - êîðåíü, ò.å. f(x∗) = 0;
Òîãäà íàäî óêàçûâàòü îêðåñòíîñòü êîðíÿ: Ua(x

∗) = {x : |x∗ − x| < a}

2 ýòàï
Òóò ìû îðãàíèçîâàâàåì èòåðàöèîííûé ñõîäÿùèéñÿ ïðîöåññ xn → x∗

f1(x1, x2, ...., xm) = 0

f2(x1, x2, ...., xm) = 0

........

fm(x1, x2, ...., xm) = 0

(3.1)

x̄ = (x1, x2, ...., xm)
f̄ = (f1, f2, ...., fm)
f̄(x̄) = 0
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f : Rn → Rn

Ñòîèò îòìåòèòü, ÷òî íåò êàíîíè÷åñêîãî àëãîðèòìà äëÿ ëîêàëèçàöèè êîðíåé.
Óêàçàâ îêðåñòíîñòü - ìû íå âñåãäà ìîæåì çíàòü ñêîëüêî êîðíåé â ýòîé îêðåñò-
íîñòè. Òàêæå ìîãóò áûòü êðàòíûå êîðíè. Â ýòîé ãëàâå îñíîâíîå âíèìàíèå áóäåò
óäåëåíî âòîðîìó ýòàïó.

1 ñïîñîá ëîêàëèçàöèè
Ðàçîáüåì îêðåñòíîñòü íà óçëû:

f(x) : {xi}n f(xi)

È åñëè íàéäåòñÿ ïàðà óçëîâ, òàêèå, ÷òî f(xi)f(xi+1) < 0 ⇒ ìåæäó xi è xi+1

åñòü õîòÿ áû îäèí êîðåíü.
Òîãäà óæå ýòîò îòðåçîê ìîæíî ðàçìå÷àòü íà óçëû.

2 ñïîñîá ëîêàëèçàöèè (Áèñåêöèÿ)
Áåðåòñÿ îòðåçîê [a; b] : f(a) < 0, f(b) > 0
Ðàññìàòðèâàåì ñåðåäèíó x0 = a+b

2 , åñëè f(x0) > 0⇒ x∗ ∈ (a, x0)
Äåëèì îòðåçîê (a, x0) ïîïîëàì, è ò.ä.

Åñëè âûäåëèòü êîðåíü x∗, òî äëÿ òîãî, ÷òîáû ðàññìîòðåòü äðóãèå êîðíè, ìîæíî
ðàçëîæèòü f(x):

f(x) = (x− x∗)g(x)

è óæå ðàáîòàòü íàä g(x).

� 2. Ìåòîä ïðîñòîé èòåðàöèè

f(x) = 0 (3.2)

Âñå ïðîèñõîäèò â âåùåñòâåííîì ïðîñòðàíñòâå.
Òåïåðü íà÷èíàåì ðàáîòàåò â ëîêàëèçîâàííîé îêðåñòíîñòè - òåïåðü ñ÷èòàåì, ÷òî

êîðåíü â îêðåñòíîñòè åñòü è îí îäèí.
Çàïèñûâàåì óðàâíåíèå:

x = S(x) (3.3)

xn+1 = S(xn) (3.4)

ãäå n = 0, 1, ... x0 ∈ Ua(x∗)
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Òåïåðü íàäî âûáðàòü S(x) - èìåííî âûáîðîì ýòîé ôóíêöèè îáóñëàâëèâàåòñÿ
ìåòîä:

S(x) = x+ r(x)f(x) (3.5)

Íàëîæèì îãðàíè÷åíèå:

sgn r(x) 6= 0 x ∈ Ua(x∗)− ò.å. r(x) íå ìåíÿåò çíàêà â Ua

Îïðåäåëåíèå:
S(x) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ñ êîíñòàíòîé Q íà Ua, åñëè ∀x1, x2 èç

Ua, âûïîëíåíî:

|S(x1)− S(x2)| ≤ Q|x1 − x2| (3.6)

Óòâåðæäåíèå:
Ïóñòü S(x) - íåïðåðûâíà ïî Ëèïøèöó ñ êîíñòàíòîé q < 1. Ïóñòü íà÷àëüíîå

ïðèáëèæåíèå áåðåòñÿ èç îêðåñòíîñòè Ua. Òîãäà ìåòîä ïðîñòîé èòåðàöèè ñõîäèòñÿ.
Äîêàçàòåëüñòâî:
Ïîêàæåì, ÷òî åñëè xn ∈ Ua, òî è xn+1 ∈ Ua.
Îöåíèì |xn+1 − x∗|:
Ò.ê. xn+1 = S(xn):

|xn+1 − x| = |S(xn)− s(x∗)| = {ïî óñëîâèþ Ëèïøèöà} ≤

≤ q|xn − x∗| < |xn − x∗| < a ⇒ xn+1 ∈ Ua
Çíà÷èò èç îêðåñòíîñòè ìåòîä íå âûõîäèò.
Ïðèìåíÿÿ ýòó ôîðìóëó ðåêóððåíòíî, ïîëó÷èì, ÷òî |xn − x∗| ≤ qn|x0 − x∗|,
à ïðè n→∞ : lim

n→∞
qn = 0 ⇒ lim

n→∞
xn = x.

Çàìå÷àíèå 1:
Ïóñòü max

x∈Ua(x∗)
|S ′(x)| = q < 1

Òîãäà ìåòîä ïðîñòîé èòåðàöèè ñõîäèòñÿ.
Çàìå÷àíèå 2:
Ðàññìîòðèì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ:

xn+1 − xn
τ

+ f(xn) = 0; n = 0, 1, ....; x0 ∈ Ua(x∗); τ > 0 (3.7)
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Ïóñòü äëÿ îïðåäåëåííîñòè f ′(x) < 0.

S(x) = x− τf(x)
Òîãäà â ñèëó çàìå÷àíèÿ 1, åñëè |S ′(x)| < 1, òî ñõîäèìîñòü îáåñïå÷åíà

S ′(x) = 1− τf ′(x), ïðè ïðåäïîëîæåíèè, ÷òî f - ãëàäêàÿ

Îáîçíà÷èì M1 = max
x∈Ua(x∗)

|f ′(x)|

Òîãäà |1− τM1| < 1 : −1 < 1− τM1 < 1

Çíà÷èò, çàïèñàííûé â âèäå 3.7 èòåðàöèîííûé ìåòîä ñ τ : 0 < τ < 2
M1

-
ñõîäèòñÿ

� 3. Ìåòîä Ýéòêåíà óñêîðåíèÿ ñõîäèìîñòè èòåðàöè-
îííûõ ìåòîäîâ

Ïóñòü íàì èçâåñòíî, ÷òî äâå ñîñåäíèå èòåðàöèè îòëè÷àþòñÿ:

xn − x∗ = Aqn; n = 0, 1, ....

Òîãäà xn+1 − x∗ ≈ Aqn−1 (3.8)

xn − x∗ ≈ Aqn (3.9)

xn+1 − x∗ ≈ Aqn+1 (3.10)

Èç ôîðìóëû 3.10:
x∗ ≈ xn+1 − Aqn+1

(xn+1 − xn)2 = A2q2n(q − 1)2

xn+1 − 2xn + xn−1 = Aqn−1(q − 1)2

(xn+1 − xn)2

xn+1 − 2xn + xn−1
= Aqn+1

x = xn+1 −
(xn+1 − xn)2

(xn+1 − 2xn + xn−1)
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Ðèñ. 3.1:

� 4. Ìåòîä Íüþòîíà è ìåòîä ñåêóùèõ

Ïî-ïðåæíåìó óðàâíåíèå
f(x) = 0 (3.11)

ëîêàëèçóåì êîðåíü è îêðåñòíîñòü Ua(x∗). Îáîçíà÷åíèå: x
n � n-ÿ èòåðàöèÿ.

Ìåòîä Íüþòîíà:

xn+1 = xn − f(xn)

f ′(xn),
(3.12)

ãäå n = 0, 1, 2..., x0 ∈ Ua(x∗). Â äàííîì ñëó÷àå ìû íå çàáîòèìñÿ î ãëàäêîñòè,
÷òîáû áûëî ïðîùå äîêàçûâàòü.

Òàêæå äàííûé ìåòîä íàçûâàþò ìåòîäîì êàñàòåëüíûõ.
Ìåòîä Íüþòîíà ñõîäèòñÿ î÷åíü áûñòðî, íóæíû îáû÷íî 3�4 èòåðàöèè äëÿ õî-

ðîøåãî ðåçóëüòàòà.
Ôîðìóëà 3.12 ïîëó÷àåòñÿ ðàçëîæåíèåì â îêðåñòíîñòè êîðíÿ ïî ôîðìóëå Òåé-

ëîðà:
f(x∗) = 0 = f(x) + (x∗ − x)f ′(x) + ìàëîå

Åñëè x∗ → xn+1, x→ xn ⇒

0 = f(xn) + (xn+1 − xn)f ′(xn)

Ïðîèçâîäíàÿ íå äîëæíà îáðàùàòüñÿ â íîëü! Îòñþäà ñëåäóåò 3.12. Äëÿ ñèñòåìû
áóäåò âñ¼ àíàëîãè÷íî.

Âàæíî: ïðèìåíèìîñòü!
Íåóäà÷íîå ïðèìåíåíèå ìåòîäà Íüþòîíà (çàöèêëèâàíèå) èçîáðàæåíî íà ðèñóí-

êå 3.2:
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Ðèñ. 3.2:

Ìîäèôèöèðîâàííûé ìåòîä Íüþòîíà:

xn+1 = xn − f(xn)

f ′(x0)
(3.13)

Â ýòîì ñëó÷àå ìû âñåãäà óâåðåíû â çíàêå, íå íàäî ëèøíèé ðàç ñ÷èòàòü; ñåðü¼çíàÿ
ïëàòà � î÷åíü ïëîõàÿ (ìåäëåííàÿ) ñõîäèìîñòü.

Ìåòîä Íüþòîíà î÷åíü áûñòð ïî ñðàâíåíèþ ñ ìåòîäîì ïðîñòîé èòåðàöèè.
Ìîäèôèöèðîâàííûé ìåòîä ïðèìåíÿåòñÿ íà ïðàêòèêå: ðåøàåì ñåðü¼çíóþ ïðî-

áëåìó, ñâÿçàííóþ ñ òåðìîÿäåðíûìè ðåàêöèÿìè. Ñëîæíûå íåëèíåéíûå äèôôåðåí-
öèàëüíûå óðàâíåíèÿ. Ðåøåíèå àíàëèòè÷åñêè çàòðóäíèòåëüíî, âîçìîæíî òîëüêî
èòåðàöèîííîå ðåøåíèå. Áóäåì ïðèìåíÿòü ìåòîä Íüþòîíà. Áûâàþò î÷åíü áûñòðî-
òåêóùèå ïðîöåññû, áûâàþò � íå î÷åíü, íî íàäî âñ¼ ñ÷èòàòü âìåñòå, íà÷àëüíîå
ïðèáëèæåíèå âçÿòü áûâàåò òÿæåëî.

Ðàññìîòðèì ñèñòåìû:

f1(x1, x2) = 0; f2(x1, x2) = 0

Ðåøåíèå � (x∗1, x
∗
2): fi(x

∗
1, x
∗
2) = 0; i = 1, 2.

Ãëàäêîñòü ïî x1, x2 ïðåäïîëàãàåì êàêóþ óãîäíî. (Íåïðåðûâíîñòè, î÷åâèäíî, íå
õâàòèò.)

Ïîâòîðÿåì âûâîä:

0 = f1(x
∗
1, x
∗
2) = f1(x1, x2)− (x∗1 − x1)

∂f1(x1, x2)

∂x1
+ (x∗2 − x2)

∂f1(x1, x2)

∂x2
+ ìàëîå

0 = f2(x
∗
1, x
∗
2) = f2(x1, x2)− (x∗1 − x1)

∂f2(x1, x2)

∂x1
+ (x∗2 − x2)

∂f2(x1, x2)

∂x2
+ ìàëîå
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Ïðîèçâîäèì çàìåíó:
xi → xni ; x

∗
i → xn+1

i

Îòáðàñûâàÿ ìàëûå, èìååì ñèñòåìó:

f1(x
n
1 , x

n
2) + (xn+1

1 − xn1)
∂f1(x

n
1 , x

n
2)

∂x1
+ (xn+1

2 − xn2)
∂f1(x

n
1 , x

n
2)

∂x2
= 0

f2(x
n
1 , x

n
2) + (xn+1

1 − xn1)
∂f2(x

n
1 , x

n
2)

∂x1
+ (xn+1

2 − xn2)
∂f2(x

n
1 , x

n
2)

∂x2
= 0 (3.14)

×òîáû óäîáíî çàïèñûâàòü, ââåä¼ì âåêòîðû f̄ = (f1, f2)
T , x̄ = (x1, x2)

T è ìàò-
ðèöó:

J(x) =

[
∂f1(x)
∂x1

∂f1(x)
∂x2

∂f2(x)
∂x1

∂f2(x)
∂x12

]
(3.15)

Çàìåíà, xi → xni ; x
∗
i → xn+1

i (îïÿòü òàêàÿ æå).

f(xn) + J(xn)(xn+1 − xn) = 0

Ïóñòü ó íàñ åñòü J−1(xn). Òîãäà:

xn+1 = xn − J−1(xn)f(xn) = 0 (3.16)

.
Åñëè îáðàùàòü, òî âàæíî, êàêîé îïðåäåëèòåëü, áëèçîê ëè îí ê íóëþ.
Ââîäÿò âåêòîð v̄n+1 = x̄n+1 − x̄n è ïîëó÷àþò:

f(xn) + J(xn)vn = 0

;
xn+1 = xn + vn+1

Äëÿ ïðîèçâîëüíîãî êîëè÷åñòâà ïåðåìåííûõ � ñîâåðøåííî àíàëîãè÷íî.

f1(x1, x2, ..., xm) = 0

f2(x1, x2, ..., xm) = 0

...........................

fm(x1, x2, ..., xm) = 0

Ãëàäêîñòü, îïÿòü-òàêè, âñÿ åñòü.
Ìàòðèöà J = (fij), fij = ∂fi

∂xj
. Âåêòîð f̄ = (f1, ..., fm)T , x = (x1, ..., xm)T

Îïÿòü òåì æå îáðàçîì:

x̄n+1 = x̄n − J−1(x̄n)f(x̄n) (3.17)
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Ðèñ. 3.3:

Çàìå÷àíèå ïðî v̄n+1 àêòóàëüíî.
Î÷åâèäíî, ñëó÷àé îäíîé ïåðåìåííîé � ÷àñòíûé ñëó÷àé ýòîé ôîðìóëû.

Íåñêîëüêî ñëîâ ïðî ìåòîä ñåêóùèõ.
Ïðîèçâîäíóþ ñ÷èòàòü î÷åíü òÿæåëî.
Ìåòîä Íüþòîíà:

f(x∗) = 0,

xn+1 = xn − f(xn)

f ′(xn)

Ìíîãîøàãîâûå ìåòîäû ñõîäÿòñÿ ëó÷øå, íî èì íàäî ïðîñòðàíñòâî äëÿ ðàçãîíà.

f ′(xn) ≈ f(xn)− f(xn−1)

xn − xn−1

Çàìåíÿåì:

xn+1 = xn − f(xn)(xn − xn−1)

f(xn)− f(xn−1)
,

n = 1, 2, 3...; x0, x1 ãäå-òî çàäàþòñÿ.

Äàííûé ìåòîä íàçûâàåòñÿ äâóøàãîâûì. Èëëþñòðàöèÿ äàííîãî ìåòîäà èçîáðà-
æåíà íà ðèñóíêå 4.2.

Ìû çàìåíÿåì ïðîèçâîäíóþ íà ïîëèíîì ïåðâîé ñòåïåíè, ó êîòîðîé âñåãäà îäèí
íîëü. Ìîæíî ñòðîèòü ìíîãîøàãîâûé ìåòîä, íî òàì âîçíèêàþò ñëîæíîñòè ñ íóëÿ-
ìè.
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� 5. Ñõîäèìîñòü ìåòîäà Íüþòîíà. Îöåíêà ñêîðîñòè
ñõîäèìîñòè

Ïî ïðåæíåìó ðàññìàòðèâàåì:

f(x) = 0 (3.18)

xn+1 = xn − f(xn)

f ′(xn)
, (3.19)

ãäå n = 0, 1, 2..., x0 ∈ Ua(x∗).

Òðàêòóåì ìåòîä Íüþòîíà êàê ïðîñòóþ èòåðàöèþ: xn+1 = S(xn). S(x) = x −
f(x)
f ′(x) . Ãëàäêîñòü: òðåòüÿ ïðîèçâîäíàÿ íåïðåðûâíàÿ� äîñòàòî÷íîå óñëîâèå.

|S ′(x)| = q < 1, x ∈ Ua(x∗) �� âîò è ñõîäèìîñòü.

S ′(x) = 1− (f ′(x))2 − f(x)f ′′(x)

(f ′(x))2
=
f(x)f ′′(x)

f ′(x)f ′(x)

Ïîíÿòíî, ÷òî S ′(x∗) = 0. Ýòî óñëîâèå ïîêàçûâàåò, ÷òî ïîãðåøíîñòü íà äâóõ ñî-
ñåäíèõ èòåðàöèÿõ ñâÿçàíà êâàäðàòè÷íûì îáðàçîì. Â ïðîñòîé: ñâÿçàíû ëèíåéíûì
ñîîòíîøåíèåì.

zn = xn − x∗ � ïîãðåøíîñòü íà èòåðàöèè n.

Âíîâü Òåéëîð:

zn+1 = S(zn + x∗)− S(x∗) = [S(x∗) + S ′(x∗)]zn + 0.5S ′′(x̃)z2
n − S(x∗) =

= 0.5S ′′(x̃)z2
n, x̃ = x∗ + θxn, |θ| < 1

Ïðèäóìàåì êîíñòàíòó M : |0.5S ′′(x̃)| ≤M . Òîãäà |zn+1| ≤M |z2
n|.

Èëè M |zn+1| ≤ (M |zn|)2.

vn = M |zn|, vn+1 ≤ v2
n

Ðåêóððåíòíî: vn ≤ v2n
0 ; M |zn| ≤ (M |z0|)2n.

|zn| ≤
1

M
(M |z0|)2 (3.20)

Îáîçíà÷èì M |z0| = q. Åñëè q < 1, òî åñòü ñõîäèìîñòü.
Êàê ýòî ñâÿçàíî ñ âûáîðîì íà÷àëüíîãî ïðèáëèæåíèÿ: q < 1, |z0| < 1

M

|x0 − x∗| <
1

M
; (3.21)
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|zn| → 0, n→∞:

|xn − x∗| ≤
1

M
(M |x0 − x∗|)2n (3.22)

Ïåðåñ÷èòûâàåì :
0.5|(f(x)f ′′(x)(f ′(x))2)′| ≤M (3.23)

Óòâåðæäåíèå:
Ïóñòü ∃M ñîãëàñíî 3.23, è ïóñòü â îêðåñòíîñòè Ua(x∗), a = a(M) íà÷àëüíîå

ïðèáëèæåíèå âûáèðàåòñÿ ñ óñëîâèåì 3.21. Òîãäà èòåðàöèîííûé ìåòîä Íüþòîíà
ñõîäèòñÿ, è îöåíêà 3.22 âåðíà. Äîêàçàòåëüñòâî âûøå. Ìîäèôèöèðîâàííûé ìåòîä

Íüþòîíà:

S ′(x∗) = 1− f ′(x∗)

f ′(x0)

Âîçüì¼ì x0 âîçëå x∗: åñëè äðîáü áëèçêà ê 1, S ′ � ê 0, òîãäà ïîâåçëî.
Íåñòàöèîíàðíîå: áóäåì ðåøàòü çàäà÷ó âî âðåìåíè ïî ñëîÿì; â êà÷åñòâå ïðè-

áëèæåíèÿ � ðåøåíèå íà ïðåäûäóùåì ñëîå (¾íå ñëèøêîì ñèëüíî èçìåíèòñÿ¿). Â
ïðîèçâîëüíîé ôóíêöèè � ìåòîä ïðîáóåì óãàäàòü.
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Ãëàâà 4

Ðàçíîñòíûå ìåòîäû ðåøåíèÿ
çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè

� 1. Ââåäåíèå

Çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè ñ ïîìîùüþ ðàçíîñòíûõ ñõåì.
Äîñòàòî÷íî ìíîãî âðåìåíè ïîòðàòèì, íî ïîçíàêîìèìñÿ âñ¼ ðàâíî ïîâåðõíîñò-

íî.
Âàæíåéøèé ðàçäåë âû÷èñëèòåëüíîé ìàòåìàòèêè. Áóäåò íà ãîñóäàðñòâåííûõ

ýêçàìåíàõàõ. Òåîðåòè÷åñêàÿ áàçà ïîñòðîåíà Òèõîíîâûì è Ñàìàðñêèì.

� 2. Ðàçíîñòíûå ñõåìû äëÿ ïåðâîé êðàåâîé çàäà÷è
óðàâíåíèÿ òåïëîïðîâîäíîñòè

Åñòü êó÷à äðóãèõ ìåòîäîâ, âåðîÿòíîñòíûå è âñÿêèå ïðî÷èå, íî ðàçíîñòíûå
ñàìûå èçâåñòíûå è íàèáîëåå ïîäõîäÿùèå.

Ïîñòàíîâêà:
∂u

∂t
=
∂2u

∂x2
+ f(x, t), (4.1)

ãäå 0 < x < 1, 0 < t ≤ T .
Êðàåâûå:

u(0, t) = µ1(t);u(1, t) = µ2(t); 0 ≤ t ≤ T (4.2)

� ïåðâîãî ðîäà.
Íà÷àëüíîå óñëîâèå:

u(x, 0) = u0(x); 0 ≤ x ≤ 1 (4.3)

Èùåì óðàâíåíèå, âíóòðè óäîâëåòâîðÿþùåå 3.18, íà ñîîòâåòñòâóþùèõ ãðàíèöàõ
4.2 è 4.3.

Çíàåì ñóùåñòâîâàíèå, åäèíñòâåííîñòü, óñòîé÷èâîñòü ïî ïðàâîé ÷àñòè è ïî íà-
÷àëüíîìó óñëîâèþ � êîððåêòíî ïîñòàâëåííàÿ çàäà÷à.
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Ðèñ. 4.1:

Èùåì êëàññè÷åñêèå ðåøåíèÿ, îáîáù¼ííûå áóäóò â êóðñå ôóíêöèîíàëüíîãî àíà-
ëèçà.

×òî çíà÷èò ¾ðåøèòü ðàçíîñòíûì ìåòîäîì¿?
Íåïðåðûâíóþ îáëàñòü áóäåì ìåíÿòü íà äèñêðåòíóþ (òî åñòü ñåòêó). Ñàìîñòî-

ÿòåëüíàÿ ÷àñòü âû÷èñëèòåëüíîé ìàòåìàòèêè.
Òåîðèÿ áóäåò íà ñåòêàõ ñ ïîñòîÿííûì øàãîì, òàì ïðîùå. Íî íå âñåãäà ýòî

ãîäèòñÿ:

Ðèñ. 4.2:

ωh = {xi = ih; i = 1, 2, ..., N − 1; h = 1/N},
ãäå h > 0 � øàã ïî ïåðåìåííîé x � âíóòðåííèå óçëû ñåòêè

ω̄h = {xi = ih; i = 0, 1, ..., N ; hN = 1} - âñå óçëû ñåòêè (êàê áû çàìûêàíèå)
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ωτ = {tj = jτ ; j = 1, 2, ..., j0; j0τ = T}
ω̄τ = {tj = jτ ; j = 0, 1, ..., j0; j0τ = T} - øàã ïî âðåìåíè t � τ > 0.

Âñå âíóòðåííûå óçëû ωτh = ωτ × ωh. Òàêæå ω̄τh = ω̄τ × ω̄h.
Ñ çàìåíû îáëàñòè íà ñåòêó íà÷èíàåòñÿ ëþáîå ðåøåíèå ðàçíîñòíûì ìåòîäîì.
Ðàññìîòðèì îáëàñòü D = {(x, y) ∈ R2 : 0 < x < 1, 0 < t ≤ T} (T � çàäàííîå

ïîëîæèòåëüíîå ÷èñëî).
Çàïèøåì ïåðâóþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â ýòîé îá-

ëàñòè:
∂u

∂t
=
∂2u

∂x2
+ f(x, t), (x, t) ∈ D, (4.4)

êðàåâûå óñëîâèÿ: {
u(0, t) = µ1(t),

u(1, t) = µ2(t),
(4.5)

íà÷àëüíîå óñëîâèå (íà÷àëüíàÿ òåìïåðàòóðà):

u(x, 0) = u0(x). (4.6)

Ââîäèì ñëåäóþùèå îáîçíà÷åíèÿ:

Ðèñ. 4.3: Ââîäèì ñåòêó, ïî x - ñ øàãîì a, ïî t - ñ øàãîì τ

Âîçíèêàþò ñîîòâåòñòâóþùèå óçëû ñåòêè. Â ðåàëüíîñòè - âíóòðåííèõ óçëîâ
ìíîãî áîëüøå, ÷åì ãðàíè÷íûõ. Ñîâîêóïíîñòü âñåõ óçëîâ, ñîîòâåòñâóþùèõ ìîìåíòó
âðåìåíè tk (âêëþ÷àÿ ãðàíè÷íûå) áóäåì íàçûâàòü ñëîåì.

Ïðèìå÷àíèå.
T - èñêóññòâåííàÿ ãðàíèöà, ìîæíî ïðîñòî ïèñàòü, ÷òî t > 0).

Ïóíêò 1. ßâíàÿ ðàçíîñòíàÿ ñõåìà
Ðåøàÿ ëþáóþ äèôôåðåíöèàëüíóþ çàäà÷ó, ìû äâèæåìñÿ ïî ñëåäóþùåé ñõåìå:

ñíà÷àëà ââîäèì ñåòêó, à çàòåì ðàññìàòðèâàåì ñåòî÷íóþ ôóíêöèþ.

Áóäåì îáîçíà÷àòü ÷èñëåííîå ðåøåíèå ïîñòàâëåííîé çàäà÷è ÷åðåç y(x, t). Ïóñòü

yni = y(xi, tn).
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- ââåëè ñåòî÷íóþ ôóíêöèþ (îò äâóõ ïåðåìåííûõ). fni - çíà÷åíèÿ â óçëàõ. Ïîêàæåì,
÷òî ïðè ñòðåìëåíèè øàãîâ ê íóëþ y áóäåò ñõîäèòüñÿ ê ðåøåíèþ (ñ ëþáîé çàäàííîé
òî÷íîñòüþ)

Çàïèøåì ðàçíîñòíîå óðàâíåíèå:

yn+1
i − yni

τ
=
yni−1 − 2yni + yni+1

h2
+ f(xi, tn), (xi, tn) ∈ ωτh, (4.7)

ò.å. òî÷êè (xi, tn) ïðèíàäëåæèò âíóòðåííåé ÷àñòè îáëàñòè.
Òàêèì îáðàçîì, ïîñòàâèëè èñõîäíîìó óðàâíåíèþ 4.1 åãî äèñêðåòíûé àíàëîã -

óðàâíåíèå 4.7.
Ïî÷åìó âûáðàëè èìåííî ïåðâîå êðàåâîå? Ïðîñòî ïðîùå äåëàòü íóæíîé ïî-

ãðåøíîñòü (â îòëè÷èå îò óñëîâèÿ ñ ïðîèçâîäíîé). Çàäà¼ì ãðàíè÷íûå è íà÷àëüíîå
óñëîâèÿ: {

yn+1
0 = µ1(tn+1), tn+1 ∈ ωτ ,
yn+1
N = µ2(tn+1), tn+1 ∈ ωτ ,

(4.8)

y0
i = u0(xi), xi ∈ ωh. (4.9)

Ò.î., èñõîäíîé çàäà÷å ïîñòàâèëè äèñêðåòíûé àíàëîã 4.7�4.9. Ò.å. ïîëó÷èëè
ÑËÀÓ - îíà è íàçûâàåòñÿ ðàçíîñòíîé ñõåìîé.

Ïîñìîòðèì, êàêèå óçëû èñïîëüçóåò ýòà ðàçíîñòíàÿ ñõåìà (ýòî ìíîæåñòâî íà-
çûâàåòñÿ øàáëîíîì ðàçíîñòíîé ñõåìû)

Ðèñ. 4.4:

Èñïîëüçóåòñÿ 2 ñëîÿ: tn + 1 è tn Ïîëó÷àåòñÿ ÷åòûðåõòî÷å÷íûé øàáëîí.

Ïðèìå÷àíèå 1:
Ìû ñòðåìèìñÿ ê òîìó, ÷òîáû ñõåìà àïðîêñèìèðîâàëà áîëåå òî÷íî. Äëÿ ýòîãî

ìîæíî çàäåéñòâîâàòü áîëüøå óçëîâ øàáëîíà. Íî åñëè áóäåò ïîãðåøíîñòü âûñîêàÿ,
òî èç-çà áîëüøîãî ÷èñëà óçëîâ ìû ìîæåì ïîòåðÿòü óñòîé÷èâîñòü.
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Ïðèìå÷àíèå 2:
90% ñòóäåíòîâ âî âðåìÿ ýêçàìåíà íå ïîíèìàþò, ÷òî òàêîå óñòîé÷èâîñòü ðàç-

íîñòíîé ñõåìû. Íàì âáèëè â ãîëîâû, ÷òî ýòî íåïðåðûâíàÿ çàâèñèìîñòü îò âõîäíûõ
äàííûõ. Çäåñü ýòî íå òàê, ó íàñ áîëåå æåñòêàÿ çàâèñèìîñòü!

Çàäà÷à 4.7�4.9 ðåøàåòñÿ íà ñëîÿõ. Íóëåâîé ñëîé çàäàí. Ïðîâîäèì âû÷èñëåíèÿ
íà ïåðâîì ñëîå; îò íåãî - ïåðåõîäèì íà âòîðîé, è ò.ä. Ðåøåíèå ïî ÿâíîé ôîðìóëå,
íà êàæäîì ñëîå íå òðåáóåòñÿ íèêàêèõ îáðàùåíèé ìàòðèöû è ò.ä.

yn+1
i = yni +

τ

h2
(yni−1 − 2yni + yni+1) + τfni , i = 1, . . . , N − 1. (4.10)

Ýòî çàïèñàíî ïî ñëîÿì, íî âíóòðè ñåòêè; à ñíàðóæè � yn+1
0 , yn+1

N � çíà÷åíèÿ
çàäàíû ïî óñëîâèÿìè.

Òàêèì îáðàçîì, ïðåèìóùåñòâî äàííîãî ìåòîäà â ïðîñòîòå ðåàëèçàöèè, âñå ôîð-
ìóëû ÿâíûå.

Ñôîðìóëèðóåì âîïðîñû, êîòîðûå îáû÷íî ðåøàþòñÿ ïðè èçó÷åíèè ðàçíîñòíûõ
ñõåì.

1. Ïîãðåøíîñòü àïïðîêñèìàöèè. (Î÷åâèäíî, ÷òî åñëè ñõåìà íå ïðèáëèæàåò èñ-
õîäíóþ çàäà÷ó - íå÷åãî å¼ èññëåäîâàòü.

Äàëåå: Ïðî çàäà÷ó 4.4�4.6 - çàäà÷à êîððåêòíî ïîñòàâëåííàÿ, íî åñëè íåïðà-
âèëüíî âûáåðåì ðàçíîñòíóþ çàäà÷ó äëÿ 4.4�4.6 - ìîæåò áûòü íåêîððåêòíîé)

2. Ñóùåñòâîâàíèå ðåøåíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ðàçíîñòíîé ñõåìû (ò.å.
ÑËÀÓ). (Ìû äîëæíû äîêàçàòü åù¼, åñòü ëè ðåøåíèå è åäèíñòâåííîå ëè îíî)

3. Àëãîðèòì íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèÿ

È êëþ÷åâûå âîïðîñû:

4. Ñõîäèìîñòü ðàçíîñòíîé ñõåìû ê ðåøåíèþ èñõîäíîé çàäà÷è (ìîæíî êîðîòêî:
ñõîäèìîñòü ðàçíîñòíîé ñõåìû)

5. Èññëåäîâàíèå óñòîé÷èâîñòè ðåøåíèÿ ðàçíîñòíîé ñõåìû ïî íà÷àëüíîìó óñëî-
âèþ è ïðàâîé ÷àñòè (êîðîòêî ãîâîðÿò: ïî âõîäíûì äàííûì)

Ïðèìå÷àíèå:
Êàæäûé èç ýòèõ ïóíêòîâ äëÿ ðàçëè÷íûõ ðàçíîñòíûõ ñõåì ðåøàåòñÿ ñ òîé èëè

èíîé ñòåïåíüþ òî÷íîñòè. Äàëüøå ìû äîêàæåì òåîðåìó Ôèëèïïîâà, êîòîðàÿ ñâÿ-
æåò ìåæäó ñîáîé âîïðîñû 4�5(êëþ÷åâûå) è ïåðâûé.

Äëÿ íàøåé ñõåìû: ñóùåñòâîâàíèå, åäèíñòâåííîñòü, àëãîðèòì - äîêàçàíî íàëè-
÷èåì ÿâíûõ ôîðìóë.

Çàéìåìñÿ êëþ÷åâûìè âîïðîñàìè.
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Ïðèìå÷àíèå:
Ôèëîñîôñêèé âîïðîñ: áóäåì ñðàâíèâàòü ðåøåíèå äèñêðåòíîå (ôóíêöèþ â

óçëàõ) è íåïðåðûâíîå ðåøåíèå. Êàê èõ ñðàâíèâàòü, îíè èç ðàçíûõ ïðîñòðàíñòâ?

Âî-ïåðâûõ, åñëè ïîëó÷èëè ñåòî÷íóþ ôóíêöèþ â óçëàõ, ìîæåì âîññòàíîâèòü å¼
âî âñåé îáëàñòè (ñïëàéíàìè, êâàäðàòè÷íî, êàê óãîäíî). Òîãäà áóäåì ñðàâíèâàòü
â ìåòðèêå ôóíêöèîíàëüíîãî ïðîñòðàíñòâà íåïðåðûâíûõ ôóíêöèé (èëè áîëåå
òî÷íî: â òîì ïðîñòðàíñòâå, ãäå áûëà ïîñòàâëåíà èñõîäíàÿ äèôôåðåíöèàëüíàÿ
çàäà÷à). Èëè íàîáîðîò: áóäåì ïðîåöèðîâàòü ôóíêöèþ U âíóòðè ñåòêè. Ìû áóäåì
èäòè ïî âòîðîìó ïóòè, ñ÷èòàåì ýòîò ïóòü ëó÷øèì.

Íàñòóïèë ïðèíöèïèàëüíûé ìîìåíò: êàê ðàç çäåñü âîïðîñ íîðìû ñòàíîâèòñÿ
ïðèíöèïèàëüíûì: ìû íå ìîæåì ñêàçàòü, ÷òî åñëè â îäíîé íîðìå cõåìà ñõîäèòñÿ,
òî è â äðóãîé íîðìå áóäåò ñõîäèòüñÿ.

Ñõåìà ó íàñ - óñëîâíî ñõîäÿùàÿñÿ è óñëîâíî óñòîé÷èâàÿ: äàëåå ìû ïîêàæåì,
÷òî åñëè τ

h2 < 0.5, òî ðàçíîñòíàÿ ñõåìà ñõîäèòñÿ. Èíà÷å - íå áóäåò ñõîäèòüñÿ.
Åñëè cõåìà ñõîäèòñÿ ïðè ëþáûõ øàãàõ, òî å¼ íàçûâàþò àáñîëþòíî ñõîäÿùåéñÿ

è óñòîé÷èâîé.

Îïðåäåëèì ïîãðåøíîñòü ðàçíîñòíîé ñõåìû zni òàê:

zni = yni − uni . (4.11)

ïðè ýòîì
zn+1

0 = 0, zn+1
N = 0, z0

i = 0 (4.12)

Ïðèìå÷àíèå:
Ïîãðåøíîñòü ðàçíîñòíîé ñõåìû 4.14 - zni = yni −u - ýòî íå ïîãðåøíîñòü çàäà÷è.
Òîãäà (4.7) ìîæíî ïåðåïèñàòü ñëåäóþùèì îáðàçîì (â ñèëó ëèíåéíîñòè çàäà÷è):

zn+1
i − zni

τ
=
zni−1 − 2zni + zni+1

h2
+ ψni , (xi, tn) ∈ ωτh. (4.13)

Îïðåäåëèì åù¼ ôóíêöèþ ψni :

ψni =
uni−1 − 2uni + uni+1

h2
− un+1

i − uni
τ

+ fni . (4.14)

Îïðåäåëåíèå. Ôóíêöèÿ ψni , îïðåäåëÿåìàÿ ðàâåíñòâîì (4.14), íàçûâàåòñÿ ïî-
ãðåøíîñòüþ àïïðîêñèìàöèè ðàçíîñòíîé ñõåìû (4.7) � (4.9) íà ðåøåíèå çàäà÷è
èñõîäíîé çàäà÷è 4.4 �4.6.

Ïðèìå÷àíèå:
Íàäî â ðàçíîñòíóþ ñõåìó âìåñòî y ïîäñòàâèòü u, è ðàçíîñòü ëåâûõ è ïðàâîé

÷àñòåé � è åñòü ïîãðåøíîñòü àïïðîêñèìàöèè.
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Çàäà÷à: Äîêàçàòü, ÷òî ψni = O(τ + h2).
(Ýòî áóäåò ðàññêàçàíî â îáùåì âèäå, íî è ñåé÷àñ âñ¼ âèäíî; ïåðâàÿ ïðîèçâîäíàÿ

è âòîðàÿ çàìåíÿþòñÿ íà êàêèå-òî Î-áîëüøèå)

Ïîýòîìó ãîâîðÿò, ÷òî äëÿ äàííîé ñõåìû ïîãðåøíîñòü àïïðîêñèìàöèè ïåðâîãî
ïîðÿäêà ïî τ è âòîðîãî ïî h.

Ðåøåíèå:
Ïóñòü U(x, t) - äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ.

Ðàçëîæèì u(xi, tn+1) â óçëå (xi, tn) ïî ôîðìóëå Òåéëîðà:

u(xi, tn+1) = un+1
i = u(xi, tn) + ut(xi, tn)τ +O(τ 2).

Ðàçëîæèì u(xi+1, tn) â óçëå (xi, tn) ïî ôîðìóëå Òåéëîðà:

u(xi+1, tn) = uni+1 = u(xi, tn) + ux(xi, tn)h+
1

2
uxx(xi, tn)h

2 +
1

6
uxxx(xi, tn)h

3 +O(h4).

Ðàçëîæèì u(xi−1, tn) â óçëå (xi, tn) ïî ôîðìóëå Òåéëîðà:

u(xi−1, tn) = uni+1 = u(xi, tn)−ux(xi, tn)h+
1

2
uxx(xi, tn)h

2− 1

6
uxxx(xi, tn)h

3 +O(h4).

Ïîäñòàâèâ âûïèñàííûå ðàçëîæåíèÿ â (4.14), ïðèâåäÿ ïîäîáíûå ÷ëåíû è âîñ-
ïîëüçîâàâøèñü (4.4), ïîëó÷èì

ψni = O(τ + h2).

Äîêàæåì, ÷òî óñëîâèÿ (4.10) äîñòàòî÷íî äëÿ ñõîäèìîñòè â ñèëüíîé íîðìå, â
íîðìå C.

Ââåäåì íîðìó íà ñëîå (è äîêàæåì ñõîäèìîñòü â íåé):

‖yn‖C = max
0≤i≤N

|yni |.

Ââåäåííàÿ òàêèì îáðàçîì íîðìà íàçûâàåòñÿ ðàâíîìåðíîé (ñèëüíîé).
Äîêàæåì, ÷òî óñëîâèå (4.16) ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ñõîäè-

ìîñòè (è óñòîé÷èâîñòè) ÿâíîé ðàçíîñòíîé ñõåìû.
Äîêàæåì äîñòàòî÷íîñòü óñëîâèÿ (4.16). Ïóñòü ýòî óñëîâèå âûïîëíåíî. Òîãäà
Âûðàçèì zn+1

i â ôîðìóëå (4.13): Ðàññìàòðèâàåì òîëüêî óðàâíåíèå; íà÷àëüíûå
è êðàåâûå - òàì âñ¼ ïîíÿòíî.

Çàïèøåì ðàçíîñòíóþ çàäà÷ó äëÿ z ( !!çäåñü îøèáêà 404 - ñìîòðèòå ó ÑÏøíèêîâ
!!), îòòóäà:

zn+1
i = (1− 2γ)zni + γ(zni−1 + zni+1) + τψni ,

(êîýôôèöèåíò - íåîòðèöàòåëüíûé ïðè âûïîëíåíèè óñëîâèÿ). Ïîýòîìó ìîæåì
âçÿòü ìîäóëü è äëÿ êîýôôèöèåíòà åãî íå ñòàâèòü.
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|zn+1
i | ≤ (1− 2γ)|zni |+ γ(|zni−1|+ |zni+1|) + τ |ψni |,

ßñíî, ÷òî íåðàâåíñòâî òîëüêî óñèëèòñÿ, åñëè âìåñòî ìîäóëåé ïîñòàâèì íîðìó:

|zn+1
i | ≤ (1− 2γ)‖zn‖C + γ(‖zn‖c + ‖zn‖C) + τ‖ψn‖C ,

|zn+1
i | ≤ ‖zn‖C + τ‖ψn‖C ,

ïîñêîëüêó ýòî âûïîëíÿåòñÿ äëÿ âñåõ i, òî ìû ìîæåì ïîñòàâèòü íîðìó:

‖zn+1‖C ≤ ‖zn‖C + τ‖ψn‖C . (4.15)

Ýòî è åñòü êëþ÷åâàÿ îöåíêà, êîòîðàÿ ïîçâîëèò äîêàçàòü ñõîäèìîñòü, à ïîòîì è
ïîçâîëèò ñêàçàòü îá óñòîé÷èâîñòè.

Ïðèìåíÿÿ ôîðìóëó (4.15) êàê ðåêóððåíòíóþ, îïóñòèìñÿ äî íóëåâîãî ñëîÿ, ïî-
ëó÷èì:

‖zn+1‖C ≤ ‖z0‖C + τ

n∑
k=0

‖ψk‖C , (4.16)

ïîñêîëüêó ‖z0‖C = 0, òî

‖zn+1‖C ≤ τ

n∑
k=0

‖ψk‖C . (4.17)

Ñ ëåãêîñòüþ ïîëó÷àåì ðåçóëüòàò:
Ò.ê. ψni = O(τ + h2), òî ∃M > 0 : ‖ψk‖C ≤ M(τ + h2), M íå çàâèñèò îò τ è

h.

Ó÷èòûâàÿ, ÷òî
n∑
k=0

τ = tn+1 ≤ T, èìååì

‖zn+1‖C ≤MT (τ + h2) = M1(τ + h2).

Ïðè ýòîì, M1 íå çàâèñèò îò τ è h.
Ìû ïîëó÷èëè àïðèîðíóþ îöåíêó

‖zn+1‖C ≤M1(τ + h2). (4.18)

Èç ïîëó÷åííîé îöåíêè âèäíî, ÷òî

τ, h→ 0 ⇒ ‖zn+1‖ → 0, ò.å. ‖yn+1
i − un+1

i ‖ → 0.

Òàêèì îáðàçîì, èìååò ìåñòî ñõîäèìîñòü ÷èñëåííîãî ðåøåíèÿ ê ðåøåíèþ èñ-
õîäíîé çàäà÷è ñ ïåðâûì ïîðÿäêîì ïî τ è âòîðûì ïî h (ãîâîðÿò, ÷òî ðàçíîñòíàÿ
ñõåìà èìååò ïåðâûé ïîðÿäîê òî÷íîñòè ïî τ è âòîðîé ïî h).
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Äîêàçàëè ñõîäèìîñòü, ïîãîâîðèì îá óñòîé÷èâîñòè. Åñëè ìû ðàññìîòðèì íàøó
ðàçíîñòíóþ ñõåìó ïðè íóëåâûõ êðàåâûõ óñëîâèÿõ

yn+1
0 = yn+1

n = 0,

òî äëÿ ñåòî÷íîé ôóíêöèè y áóäåò âûïîëíåíî îöåíêà âèäà 4.15.

‖yn+1‖C ≤ ‖y0‖C +
n∑
k=0

τ‖fk‖C , (4.19)

Íàëè÷èå òàêîé îöåíêè (êîòîðóþ íàçûâàþò àïðèîðíîé) è íàçûâàåòñÿ óñòîé÷èâî-
ñòüþ. Ãîâîðÿò, ÷òî ðåøåíèå óñòîé÷èâî ïî íà÷àëüíîìó óñëîâèþ è ïî ïðàâîé ÷àñòè
óðàâíåíèÿ.

Ïðèìå÷àíèå:
Îöåíêà â äîêàçàòåëüñòâå áûëà ïîëó÷åíà â ïðåäïîëîæåíèè τ

h2 < 0.5, Òàê ÷òî,
ðàçíîñòíàÿ ñõåìà - óñëîâíî ñõîäÿùàÿñÿ.

Äîêàæåì, ÷òî óñëîâèå τ
h2 < 0.5 ÿâëÿåòñÿ è íåîáõîäèìûì.

Âûïèøåì îäíîðîäíóþ ñèñòåìó:

yn+1
i − yni

τ
=
yni−1 − 2yni + yni+1

h2
, (xi, tn) ∈ ωτh. (4.20)

Áóäåì èñêàòü åå íåêîòîðûå ÷àñòíûå ðåøåíèÿ â âèäå ynj = qneijhφ, ãäå i - ìíèìàÿ

åäèíèöà, i2 = −1, φ ∈ R, q ∈ C.
Ïîäñòàâèì ýòî â óðàâíåíèå. Ïîëó÷èì:

q = 1 + γ(eihφ − 2 + e−ihφ) = 1 + γ(2 coshφ− 2) = 1− 4γ sin2 hφ

2
.

Åñëè âçÿòü φ òàêîå, ÷òî |q| > 1, òî ïîëó÷èì γ > 1
2 ,, - ÷òî áóäåò îçíà÷àòü

íåóñòîé÷èâîñòü.

Òàêèì îáðàçîì, óñëîâèå (4.16) ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ñõî-
äèìîñòè è óñòîé÷èâîñòè ÿâíîé ðàçíîñòíîé ñõåìû.

Ïîäâîäÿ èòîã, îòìåòèì ñëåäóþùèå ìîìåíòû ðàññìîòðåííîé ñõåìû:

1. ÷ðåçâû÷àéíî óäîáíà äëÿ ðåàëèçàöèè

2. ïåðâûé ïîðÿäîê ïî τ , âòîðîé ïî h

3. óñëîâíî ñõîäÿùàÿñÿ è óñëîâíî óñòîé÷èâàÿ
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×èñòî íåÿâíàÿ ðàçíîñòíàÿ ñõåìà (ñõåìà ñ îïåðåæåíèåì).
Ñòàâèì â ñîîòâåòñòâèå èñõîäíîé çàäà÷å 4.1�4.3 ñëåäóþùóþ ðàçíîñòíóþ ñõåìó:

yn+1
i − yni

τ
=
yn+1
i−1 − 2yn+1

i + yn+1
i+1

h2
+ f(xi, tn+1), (xi, tn+1) ∈ ωτh, (4.21)

{
yn+1

0 = µ1(tn+1), tn+1 ∈ ωτ ,
yn+1
N = µ2(tn+1), tn+1 ∈ ωτ ,

(4.22)

y0
i = u0(xi), xi ∈ ωh. (4.23)

Ðàçíîñòíàÿ ñõåìà çàïèñàíà íà ÷åòûðåõòî÷å÷íîì øàáëîíå

Ðèñ. 4.5:

Ýòà ðàçíîñòíàÿ ñõåìà áóäåò àáñîëþòíî ñõîäÿùàÿñÿ è àáñîëþòíî óñòîé÷èâàÿ,
â òîé æå íîðìå, ñ òåì æå ïîðÿäêîì ÷òî è ÿâíàÿ.

Íî ïðè ýòîì íåèçâåñòíî, èìååò ëè ðåøåíèå ÑËÀÓ (ñõåìà íåÿâíàÿ, íóæíî îá-
ðàùàòü ìàòðèöó). Ýòó ðàçíîñòíóþ ñõåìó ïðèäåòñÿ ðåøàòü ìåòîäîì ïðîãîíêè, ýòî
ñëîæíåå ÷åì íàõîäèòü ðåøåíèå íà ÿâíîé ñõåìå.

Ìû çàïèñàëè òàê:

γyn+1
i−1 − (1 + 2γ)yn+1

i + γyn+1
i+1 = −Fi(yn), i = 1, . . . , N − 1,

ãäå Fi = (yni + fn+1
i )

Âûïèøåì ìàòðèöó äàííîé ñèñòåìû:

S = −


1 + 2γ −γ 0 0 . . . 0
−γ 1 + 2γ −γ 0 . . . 0
...

...
...

... . . . ...
0 . . . 0 −γ 1 + 2γ −γ
0 0 . . . 0 −γ 1 + 2γ


Îáðàçóåòñÿ ìàòðèöà ñ äèàãîíàëüíûì ïðåîáëàäàíèåì. Cëåäîâàòåëüíî, ðåøåíèå

ñóùåñòâóåò, åäèíñòâåííî, àëãîðèòì ðåøåíèÿ - ïðîãîíêà.
Ðàññìîòðèì íåÿâíóþ ðàçíîñòíóþ ñõåìó, ñõåìó ñ îïåðåæåíèåì:

yn+1
i − yni

τ
=
yn+1
i−1 − 2yi + yn+1

i+1

n2
+ f(x, tn+1) (4.24)
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yn+1
0 = µ1(tn+1); y

n+1
n = µ2(tn+1); tn+1 ∈ ω̄τ (4.25)

y0
i = u0(xi); xi ∈ ω̄τ (4.26)

Îáñóäèì âîïðîñ ñõîäèìîñòè è óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû. Íåîáõîäèìî
îïðåäåëèòüñÿ ñ òåì, â êàêîé îáëàñòè îñóùåñòâëÿåòñÿ ñõîäèìîñòü. Ïîêàæåì, ÷òî
ýòè ðàçíîñòíûå ñõåìû ñõîäÿòñÿ àáñîëþòíî.

Ââåäåì ñåò÷àòóþ ôóíêöèþ:

zni = yni − u(xi, tn) = yni − uni

Çàïèøåì óðàâíåíèå

zn+1
i − zni

τ
=
zn+1
i−1 − 2zn+1

i + zn+1
i+1

h2
+ ψni (4.27)

Íóëåâûå íà÷àëüíûå è êðàåâûå óñëîâèÿ:

zn+1
0 = zn+1

N = 0 (4.28)

z0
i = 0 (4.29)

Ïðèìåíÿåì ïðèíöèï ìàêñèìóìà (ïðèìåíÿåì äëÿ ÿâíîé ðàçíîñòíîé ñõåìû).
Ïîãðåøíîñòü àïïðîêñèìàöèè íà ðåøåíèè:

ψni = −u
n+1
i − uni
τ

+
un+1
i−1 − 2un+1

i + un+1
i+1

h2
− fn+1

i (4.30)

Çàäà÷à:
Ïîêàçàòü, ÷òî ψni = O(τ + h2)
Ðåøåíèå:
Ðàçëîæèì u(xi, tn+1) â òî÷êå (xn, tn) ïî ôîðìóëå Òåéëîðà:

u(xi, tn+1) = un+1
i = u(xi, tn) + ut(xi, tn)τ +O(τ 2)

Ðàçëîæèì u(xi+1, tn) â òî÷êå (xi, tn) ïî ôîðìóëå Òåéëîðà:

u(xi+1, tn) = uni+1 = u(xi, tn) + ux(xi, tn)h+
1

2
uxx(xi, tn)h

2 +
1

6
uxxx(xi, tn)h

3 +O(h4)

Ðàçëîæèì u(xi−1, tn) â òî÷êå (xi, tn) ïî ôîðìóëå Òåéëîðà:

u(xi−1, tn) = uni+1 = u(xi, tn)− ux(xi, tn)h+
1

2
uxx(xi, tn)h

2 − 1

6
uxxx(xi, tn)h

3 +O(h4)

Ïîäñòàâèì äàííûå ðàçëîæåíèÿ â 4.30, ïðèâåäåì ïîäîáíûå ñëàãàåìûå è, ïðè-
íèìàÿ âî âíèìàíèå âèä ðàññìàòðèâàåìîé çàäà÷è, ïîëó÷èì

ψni = O(τ + n2)
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Ïîëó÷àåì îöåíêó â ñèëüíîé íîðìå C. Ìû çíàåì, ÷òî ñóùåñòâóþò íåòðèâèàëü-
íûå ðåøåíèÿ ⇒ ∃xi0 : max0≤i≤N | zn+1

i |=| zn+1
i0
|= ‖zn+1‖C

Â ýòîì óçëå çàïèøåì óðàâíåíèå 4.27:

(1 +
τ

h2
)zn+1
i0

=
τ

h2
(zn+1
i0−1 + zn+1

i0+1) + zni0 + τψni0

Ïóñòü γ = τ
h2 ⇒

(1 + 2γ) | zn+1
i0
|≤ γ(| zn+1

i0−1 | + | zn+1
i0+1 |)+ | zni0 | +τ | ψ

n
i0
|

Óñèëèì íîðìó:

(1 + 2γ) | zn+1
i0
|≤ γ(‖zn+1‖C + ‖zn+1‖C) + ‖zn‖C + τ‖ψn‖C

(1 + 2γ)‖zn+1‖C ≤ 2γ‖zn+1‖C + ‖zn‖C + τ‖ψn‖C
‖zn+1‖C ≤ ‖zn‖C + τ‖ψn‖C

Ìû ïîëó÷èëè òó æå ñàìóþ îöåíêó, ÷òî è äëÿ ÿâíîé ðàçíîñòíîé ñõåìû, íî áåç
êàêèõ-ëèáî îãðàíè÷åíèé íà øàãè ñåòêè τ è h.

‖zn+1‖C ≤ ‖z0‖C + Σn
k=0τ‖ψk‖C ,

ãäå ‖z0‖C = 0
‖zn+1‖C ≤ Σn

k=0τ‖ψn‖C
‖ψn‖ ≤M(τ + h2),

ãäå Ì íå çàâèñèò îò τ è h. Ýòî âàæíî ïðè ñòðåìëåíèè Ì ê áåñêîíå÷íîñòè.

‖zn+1‖C ≤M1(τ + h2), M1 = TM

‖zn+1‖C → 0, τ, h→ 0⇒
Çíà÷èò èìååò ìåñòî ñõîäèìîñòü ðàçíîñòíîé ñõåìû ê ðåøåíèþ òî÷íîé çàäà÷è.

Äàííàÿ ðàçíîñòíàÿ ñõåìà èìååò 1-é ïîðÿäîê òî÷íîñòè ïî τ è âòîðîé ïî h.
Åñëè â 4.24�4.26 ïðè yn+1

0 = yn+1
N = 0 ⇒ { Åñëè äàæå íà÷àëüíàÿ ôóíêöèÿ íå

íóëåâàÿ} ⇒ ïîëó÷èì òó æå ñàìóþ îöåíêó:

‖yn+1‖C ≤ ‖u0‖C + τΣn
k=0‖fk‖C ,

ãäå u0 - íà÷àëüíîå óñëîâèå, à fk-ïðàâàÿ ÷àñòü.
Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî ðàçíîñòíàÿ ñõåìà óñòîé÷èâà ïî íà÷àëüíîìó óñëî-

âèþ è ïðàâîé ÷àñòè. Åñëè ‖yn+1‖ ≤M1‖u0‖C +M2‖f‖C , ãäå M1,M2 íå çàâèñÿò îò
øàãîâ. Îòñþäà ñëåäóåò àïðèîðíàÿ îöåíêà, îçíà÷àþùàÿ óñòîé÷èâîñòü ïî íà÷àëü-
íîìó óñëîâèþ è ïðàâîé ÷àñòè.
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Ðèñ. 4.6: Øàáëîí òèïà "ÿùèê"

� 3. Ñèììåòðè÷íàÿ ðàçíîñòíàÿ ñõåìà (Ñõåìà
Êðàíêà-Íèêîëüñîíà)

Íà ïðàêòèêå äàííàÿ ñõåìà ïðèìåíÿåòñÿ ÷àùå, ïîñêîëüêó â îöåíêå âòîðîé ïî-
ðÿäîê òî÷íîñòè ïî τ è h.

∂u

∂t
=
∂2u

∂x2
+ f(x, t), 0 ≤ x ≤ 1, 0 ≤ t ≤ T (4.31)

y(0, t) = µ1(t), y(1, t) = µ2(t), 0 ≤ t ≤ T (4.32)

y(x, 0) = u0(x), 0 ≤ x ≤ 1 (4.33)

ynx̄x,i =
yni+1 − 2yni + yi−1

n2

Âèä ñõåìû:

yn+1
i − yni

τ
= 0.5(yn+1

x̄x,i + ynx̄x,i) + f(xi, tn+ 1
2
), (xi,t

n+1
2

) ∈ ωτn, (4.34)

(xi, tn+ 1
2
) = (xi, tn + 0.5τ)

yn+1
0 = µ1(tn+1), y

n+1
N = µ2(tn+1), tn+1 ∈ ω̄τ (4.35)

y0
i = u0(xi), xi ∈ ω̄h (4.36)

Ìû ñîïîñòàâëÿåì çàäà÷å 4.31�4.33 ðàçíîñòíóþ ñõåìó 4.34�4.36.

Ñèììåòðè÷íûé øàáëîí. Ðåøåíèå ðàçíîñòíîé ñõåìû ñóùåñòâóåò è åäèíñòâåííî.
Ñïîñîá ðåøåíèÿ - ïðîãîíêà. Åñëè íå ãîâîðèòü ïðî ñõîäèìîñòü ïî êàêîé èìåííî
íîðìå, òî òàêàÿ ôðàçà íå èìååò ñìûñëà.
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Ïîêàæåì àáñîëþòíóþ ñõîäèìîñòü. Ââåäåì ïîãðåøíîñòü zni = yni − uni :

zn+1
i − zni

τ
= 0.5(zn+1

x̄x,i + znx̄x,i) + ψni

ψni = −u
n+1
i − uni
τ

+ 0.5(un+1
x̄x,i + unx̄x,i) + f(xi, tn +

1

2
τ) (4.37)

Çàäà÷à:
Ïîêàçàòü, ÷òî ψni = O(τ 2 + n2)
Ðåøåíèå:
Ðàçëîæèì un+1

i±1 è uni â ðÿä Òåéëîðà â îêðåñòíîñòè òî÷êè (xi, tn+0.5) :

un+1
i = un+0.5

i + un+0.5
t,i

τ

2
+

1

2
un+0.5
tt,i (

τ

2
)2 +O(τ 3)

uni = un+0.5
i − u(

t,in+ 0.5)− un+0.5
t,i

τ

2
+

1

2
un+0.5
tt,i (

τ

2
)2 +O(τ 3)

Ïîäñòàâèì ïîëó÷åííûå ðàçëîæåíèÿ â ôîðìóëó 4.37:

ψni = −un+0.5
t,i +O(τ 2) + 0.5(un+1

x̄x,i + unx̄x,i) + fn+0.5
i

Â ïðåäñòàâëåíèè ôòîðîé ðàçíîñòíîé ïðîèçâîäíîé ðàçëîæèì âñå âõîæäåíèÿ
ôóíêöèè â ðÿä Òåéëîðà. Ïîëó÷èì:

unx̄x,i = unxx,i + unxxxx,i
h2

12
+O(h4)

Ïðèìåíèì ïîëó÷åííîå ðàçëîæåíèå ê un+1
x̄x,i , çàòåì ïðîâåäåì åù¼ îäíî ðàçëîæå-

íèå â ðÿä Òåéëîðà â òî÷êå (xi, tn+0.5):

un+1
x̄x,i = un+1

xx,i+u
n+1
xxxx,i

h2

12
+O(h4) = un+0.5

xx,i +un+0.5
xxt,i

τ

2
+un+0.5

xxxx,i

h2

12
+un+0.5

xxxxt,i

h2

12

τ

2
+O(τ 2+h4)

Àíàëîãè÷íî äëÿ unx̄x,i:
Ïîäñòàâèì ïîëó÷åííûå ðàçëîæåíèÿ â âûðàæåíèå äëÿ ψni :

ψni = (−un+0.5
t,i + un+0.5

xx,i + fn+0.5
i ) + un+0.5

xxxx,i

h2

12
+O(τ 2 + h4) = O(τ 2 + h2)

� 4. Çàäà÷à Øòóðìà-Ëóèâèëëÿ

d2u

dx2
+ λu(x) = 0, (4.38)
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ãäå u(x) 6= 0, 0 ≤ x ≤ 1, u(0) = u(1) = 0 - íà÷àëüíûå óñëîâèÿ. λ - ñîáñòâåííîå
çíà÷åíèå, u(x)- ñîáñòâåííàÿ ôóíêöèÿ.

Ðåøåíèå çàäà÷è λk = π2k2, k = 1, 2, . . .
λ = 0 íå äàåò ðåøåíèå, ïîýòîìó â ñïåêòð íå âõîäèò. 0 < λ1 < . . . < λn < . . .

Îòâå÷àþùèå èì ñîáñòâåííûå çíà÷åíèÿ ôóíêöèè uk(x) = c sin(πkx), c 6= 0, c =√
2→ uk(x) =

√
2sin(πkx)

L2- ïðîñòðàíñòâî ôóíêöèé, èíòåãðèðóåìûõ ñ êâàäðàòîì. Â íåì ñêàëÿðíîå
ïðîèçâåäåíèå: (uk, ul) = σkl.

{uk}∞-îðòîíîðìèðîâàííûé áàçèñ ⇒

∀f ∈ L2, f(x) =
∞∑
k=1

ckuk(x)⇒

‖f‖2
L2

=
∞∑
k=1

c2
k

- ðàâåíñòâî Ïàðñåâàëÿ.

yx̄xi + λy(xi) = 0, xi ∈ ωn, y(xi) 6= 0 (4.39)

y0 = yN = 0 (4.40)

Ïðîáëåìà ñîáñòâåííûõ çíà÷åíèé àíàëèòè÷åñêè ðåøàåòñÿ ðåäêî.

yi+1 − 2yi + yi+1 + h2λyi = 0

y(xi) = sin(αxi), α ∈ R, i = 1, . . . , N − 1

yi+1 + yi−1 = (2− h2λ)yi

yi+1 +yi+1 = y(xi+h) +y(xi−h) = sinα(xi+h) + sinα(xi−h) = 2sin(αxi)cos(αh)

2cos(αx)sin(αxi) = (2− h2λ)sin(αxi)

2cos(αh) = 2− h2λ

k2λ = 2(1− cos(αh)) = 4sin2αh

2
⇒ λ =

4

h2
sin2αh

2

yN = 0 = sinα⇒ α = πk ⇒ λk =
4

h2
sin2πkh

2
, k = 1, . . . , N − 1 (4.41)

yk(xi) = csin(πkxi), xi ∈ ω̄n, k = 1, . . . , N − 1, c =
√

2 (4.42)

HN−1 : ∀f, g ∈ Hn−1, dimHn−1 = N − 1, (f, g) =
N−1∑
i=1

figih⇒
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‖f‖L2(ωn) = ‖f‖ =

√√√√N−1∑
i=1

f 2
i h

{yk}N−1
k=1 - Îðòîíîðìèðîâàííûé áàçèñ HN−1; HN−1� ïðîñòðàíñòâî ñåò÷àòûõ

ôóíêöèé.

Îáîçíà÷èì yk(xi) = µk(xi).
Åñëè c =

√
2⇒ yk(xi) =

√
2sinπkxi, i, k = 1, . . . , N − 1

(yk, yl) =
∑
k,l

⇒ ∀f ∈ HN−1 f = ΣN−1
k=1 ckµk

Èñïîëüçóåì ðàâåíñòâî Ïàðñåâàëÿ:

‖f‖2
L2(ωn) =

N−1∑
k=1

c2
k

zki =
N∑
k=1

ck(tn)µk(xi), xi ∈ ω̄h

ψni =
N∑
k=1

ψ(k)(tn)µk(xi)

- ïîãðåøíîñòü àïïðîêñèìàöèè.

N∑
k=1

ck(tn+1)− ck(tn)
τ

µk(xi) =
N−1∑
k=1

0.5(ck(tn+1) + ck(tn))µ
(k)
x̄x,i +

N−1∑
k=1

ψ(k)µk(xi)

µ
(k)
x̄x,i = −λkµk(xi)⇒

ðàññìàòðèâàåì òîëüêî ïðè k=1:

⇒ ck(tn+1)− ck(tn))
τ

+ 0.5λk(ck(tn+1) + ck(tn)) = ψ(k)(tn)

Ïîëó÷èëè çàäà÷ó íàõîæäåíèÿ ck.

(1 + 0.5τλk)ck(tn+1) = (1− 0.5τλk)ck(tn) + τψ(k)(tn)

ck(tn+1) =
1− 0.5τλk
1 + 0.5τλk

ck(tn) +
τ

1 + 0.5τλk
ψk(tn) = qk
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ck(tn+1)− ck(tn)
τ

+ 0.5λk(ck(tn+1) + ck(tn)) = ψ(k)(tn); k = 1, 2, ...., n− 1

(1 + 0, 5λkτ)ck(tn+1) = (1− 0.5τλk)ck(tn) + τψ(k)(tn)

ck(tn+1) =
(1− 0.5λk)

1 + 0.5τλk
ck(tn) +

τ

1 + 0.5λk
ψ(k)(tn)

|qk| ≤ 1

Zn+1
i =

N−1∑
k=1

ck(tn+1)µk(xi) =
N−1∑
k=1

qkck(tn)µk(xi) +
N−1∑
k=1

τ

1 + 0.5τλk
ψ(k)(tn)µk(xi);

ïîñëåäíÿÿ ñóììà = W n+1
i

Òîãäà ïîëó÷èì ‖Zn+1‖L+2(wn) = ‖Zn+1‖ ≤ ‖V n+1‖+ ‖W n+1‖

‖V n+1‖2 = {ñîãëàñíî ðàâåíñòâó Ïàðñåâàëÿ} =
N−1∑
k=1

q2
kc

2
k(tn) ≤

N−1∑
k=1

c2
k(tn) = ‖Zn‖2

‖W n+1‖2 = {àíàëîãè÷íî} =
∑ τ 2

(1 + 0.5τλk)2
(ψ(k)(tn))

2 = τ 2‖ψn‖

‖W n+1‖ ≤ τ‖ψn‖
‖Zn+1‖ ≤ ‖Zn‖+ τ‖ψn‖

Çàïèøåì ðåøåíèå íà n+ 1 ñëîå ÷åðåç íóëåâîé ñëîé:

‖Zn+1‖ ≤ ‖Zn‖+
n∑
j=0

τ‖ψ(tj)‖

Òîãäà ‖z0‖ = 0

ψn = 0(τn + h2)
M íå çàâèñèò îò τ è h
Ýòî çíà÷èò, ÷òî ‖ψ(tj)‖ ≤M(τ 2 + h2)
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‖Zn+1‖L2(wn)

yn+1
0 = yn+1

N = 0

‖yn+1‖L2(wn) ≤ ‖Uo‖+
n∑
j=0

τ‖f‖

Ââåäåì âåùåñòâåííûé ïàðàìåòð, ïðè îïðåäåëåííûõ çíà÷åíèÿõ êîòîðîãî áóäóò
ïîëó÷àòüñÿ ñõåìû, êîòîðûå ìû óæå ðàññìàòðèâàëè. Íî òàêæå ìîæåò ïîëó÷àòüñÿ
áåñêîíå÷íîå ÷èñëî äðóãèõ ñõåì. Ýòî ñåìåéñòâî ñõåì íàçûâàåòñÿ ñõåìû ñ âåñàìè.

Âûâåäåì è ïîêàæåì, êàê âûâîäèòñÿ ïîãðøåíîñòü àïïðîêñèìàöèè ïðè ðåøåíèè
äëÿ ëþáûõ ðàçíîñòíûõ ñõåì, êîòîðûå ìû ðàññìàòðèâàåì.

Ðàçíîñòíàÿ ñõåìà ñ âåñàìè:
Ïîãðåøíîñòü àïïðîêñèìàöèè íà ðåøåíèè.

yn+1
i − yni

τ
= σyn+1

x̄x,i + (1− σ)ynx̄x,i + φni (4.43)

+ êðàåâûå óñëîâèÿ (5) + íà÷àëüíûå óñëîâèÿ (6). σ ∈ R

1. Åñëè ìû âîçüìåì σ = 0;φni = fni òî ìû ïîëó÷èì ÿâíóþ ðàçíîñòíóþ ñõåìó.

2. σ = 1;φni = fn+1
i - ÷èñòî íåÿâíàÿ ñõåìà

3. σ = 0.5; φni = f
n+ 1

2

i - ñèììåòðè÷íàÿ ñõåìà Êðàíêà-Íèêîëüñîíà

Äëÿ âñåõ ñõåì ñ âåñàìè ëåãêî ïîëó÷èòü âñå îöåíêè, êîòîðûå ìû ïîëó÷àëè äëÿ
ñðåäíåêâàäðàòè÷íûõ íîðì - ïîëó÷èòü ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ.

Ââîäèì Zn
i = yni − Un

i

Zn+1
i − Zn

i

τ
= σZn+1

x̄x,i + (1− σ)ynx̄,i + ψni

ψni = σUn+1
x̄x,i + (1− σ)Un

x̄x,i −
Un+1
i − Un

i

τ
+ φni (4.44)

Â óçëå (xi, tn+ 1
2
)

Ui+1 = Ui +
h

2
U

Äîãîâîðèìñÿ îá îáîçíà÷åíèÿõ äëÿ ÷àñòè÷íûõ ïðîèçâîäíûõ:

∂U

∂t
(x, tn +

1

2
) = U̇
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∂U

δx
= U ′

Ui+1 = Ui+ hU ′i +
h2

2
+
h2

2
U ′′i +

h3

6
U ′′′i + ....

Ui−1 = Ui − hUi′ +
h2

2
U ′′i −

h3

6
U ′′′i + ...

À íà ïîëóöåëîì ñëîå:

Un+1
i = Ui(tn+ 1

2
)− τ

2
U̇i(tn+ 1

2
) +

τ 2

8
Ü ′i(tn+ 1

2
)

Un
I = Ui(tn+ 1

2
)− τ

2
U̇i(tn+ 1

2
) +

τ

8
U̇i(tn+ 1

2
)− ....

Ux̄x,i =
Ui+1 − 2Ui + Ui−1

h2
= U ′′i +

h2

12
u′′′′i +O(h4)

Ïîýòîìó êîãäà ìû ãîâîðèì Ux̄x,i − U ′′i = h2

12U
′′′′
i = O(n2)

ïåðâàÿ ïðîèçâîäíàÿ ïî âðåìåíè:
Un+1
I −uni
τ = Ui(.)(tn+ 1

2
) +O(τ 2)

Òåïåðü ìîæåì ðàññìàòðèâàòü ψni :

ψni = σ(U ′′ +
τ

2
U ′′(.) +

h2

12
U ′′′′ +O(τh2)) +O(h4))+

+(1− σ)(U ′′ − τ

2
U ′′(.) +

h2

12
U ′′′′)− U(.) + φn +O(τ 2 + h4)

Â íîâûõ îáîçíà÷åíèÿõ: U ′′ = U̇ − f U ′′′′ = u̇′ − f ′′
Òîãäà ìû ïîëó÷àåì

U ′′ − U̇ + φni + (σ − 0.5)τU ′′+̇
h2

12
+O(τ 2 + h4) =

U ′′ − U̇ + f(xi, tn+ 1
2
) = φ′′i − f(xi, tn+ 1

2
) + τ [(σ − 0.5)+

+
h2

12
]U̇ ′′′′ − h2

12
f(íåïîíÿòíî) +O(τ 2 + h4)

σ∗ = σ = 1
2 −

h2

12τ

φni = f(xi, tn+ 1
2
) + h2

12f
′′(xi, tn+ 1

2
)
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ψ = O(τ 2 + h4) - ñõåìà ïîâûøåííîãî ïîðÿäêà àïïðîêñèìàöèè
σ = 0; φni = fni ; O(τ + h2)
σ = 1; φni = fn+1

i ; O(τ + h2)
σ = 1

2 ; φni = fi(tn + 1
2)

Êîãäà σ 6= ðàññìîòðåííûì σ - áóäåì ïîëó÷àòü O(τ + h2)
Ïåðåõîäèì ê ïîñòðîåíèþ è èçó÷åíèþ íîâîãî êëàññà ðàçíîñòíûõ ñõåì - äëÿ

óðàâíåíèÿ Ïóàññîíà

� 5. Ðàçíîñòíûå ñõåìû äëÿ óðàâíåíèÿ Ïóàññîíà.
(Çàäà÷à Äèðèõëå)

Ðàññìàòðèâàåì óðàâíåíèå:

∂2U

∂x2
1

+
∂2U

∂x2
2

= f(x1, x2); (x1, x2) ∈ (D) (4.45)

U(x1, x2)íà ãðàíèöå Ã = µ(x1, x2) (4.46)

D = {(x1, x2); 0 < x1 < l1, 0 < x2 < l2}

Íà÷èíàåì ðåøåíèå ñ ïîñòðîåíèÿ ñåòêè:

ωh = { (x
(i)
1 , x

(j)
i ) = xij, x

(i)
1 = ih; N1h1 = l1; x

(j)
2 = jh2; N2h2 = l2 }
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Íàïîìíèì:

∂2u

∂x2
1

+
∂2u

∂x2
2

= f(x1, x2) (x1, x2) ∈ D (4.47)

u(x1, x2)|r = µ(x1, x2) (4.48)

Ðèñ. 4.7:

Γn = {x0,j}N2−1
1 ∪ {xN1,j}

N2−1
1 ∪ {xi,0}N1−1

1 ∪ {xi,N2
}N1−1

1

ω̄n = ωnêðóæî÷êè ∪ Γnêâàäðàòèêè � âñå óçëû
Âòîðàÿ ïðîèçâîäíàÿ:

yx̄1x1;i,j =
yi+1,j − 2yi,j + yi−1,j

h2
1

fi,j = f(x̄
(i)
1 , x

(i)
2 ) = f(xi,j)

yx̄1x1;i,j + yx̄2x2;i,j = fi,j xi,j ∈ ωh (4.49)

� ðàçíîñòíàÿ àïïðîêñèìàöèÿ

Ãðàíè÷íîå óñëîâèå ïåðâîãî ðîäà � ïîýòîìó àïïðîêñèìèðóåì òî÷íî yi,j|Γn = µi,j 1 ≤ i ≤ N1 − 1

1 ≤ j ≤ N2 − 1
(4.50)
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Ðèñ. 4.8: øàáëîí ðàçíîñòíîé ñõåìû òèïà ¾êðåñò¿

Èçó÷èì 5 âîïðîñîâ: ñóùåñòâîâàíèå-åäèíñòâåííîñòü ðåøåíèÿ, ïîãðåøíîñòü àï-
ïðîêñèìàöèè (ñàìûé ë¼ãêèé). . .

Ïåðâîå ñóæäåíèå î ïîãðåøíîñòè:

zi,j = yi,j − ui,j

zx̄1x1;i,j + zx̄2x2;i,j = −Ψi,j (4.51)

zi,j|Γn = 0 (4.52)

Ψi,j = ux̄1x1;i,j + ux̄2x2;i,j − fi,j (4.53)

� íåâÿçêà.

Çàäà÷à:
Ïîêàçàòü ÷òî Ψi,j = O(h2

1 + h2
2)á (u(x1, x2) ∈ C4(D̄))

Ïîäñêàçêà: Ψi,j = ∂2u
∂ x

2
1 + h2

12(...)
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� 6. Ðàçðåøèìîñòü ðàçíîñòíîé çàäà÷è. Ñõîäèìîñòü
ðàçíîñòíîé ñõåìû

Ðàñïèøåì 4.49 îòíîñèòåëüíî öåíòðàëüíîãî óçëà, çàïèñàâ êîîðäèíàòíî:

(
2

h2
1

+
2

h2

2

)yi,j =
yi−1,j + yi+1,j

h2
1

+
yi,j+1 + yi,j−1

h2
2

− fi,j 1 ≤ i ≤ N1− 1, 1 ≤ j ≤ N2− 1

(4.54)
yi,j|Γn = µi,j

ßâíî ìû íè÷åãî âû÷èñëèòü íå ìîæåì. Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ
áóäåì îïèðàòüñÿ íà àïïàðàò àëãåáðû. (Ðàíãè ðàñøèðåííûõ ìàòðèö äîëæíû
ñîâïàäàòü ñ ÷èñëîì íåèçâåñòíûõ; äðóãèìè ñëîâàìè, îäíîðîäíàÿ ñèñòåìà èìååò
òîëüêî òðèâèàëüíîå ðåøåíèå � çíà÷èò, îïðåäåëèòåëü áóäåò îòëè÷åí îò íóëÿ.)

Çàïèñûâàåì ñîîòâåòñòâóþùóþ îäíîðîäíóþ çàäà÷ó.

(
2

h2
1

+
2

h2

2

)vi,j =
vi−1,j + vi+1,j

h2
1

+
vi,j+1 + vi,j−1

h2
2

1 ≤ i ≤ N1−1, 1 ≤ j ≤ N2−1 (4.55)

vi,j|Γn = 0

Ìàòðèöà ïîëó÷èëàñü áû ÷ðåçâû÷àéíî ëþáîïûòíîãî âèäà: ìàòðèöà èç òð¼õäèà-
ãîíàëüíûõ áëîêîâ. Àëãîðèòì ðåøåíèÿ � ïîòîì. À ñåé÷àñ âñ¼-òàêè ñóùåñòâîâàíèå
è åäèíñòâåííîñòü.

Òåîðåìà 1:
Ñèñòåìà 4.55 èìååò òîëüêî òðèâèàëüíîå ðåøåíèå:

vi,j === 0 xi,j ∈ ω̄n

Äîêàçàòåëüñòâî:
Äîêàçàòåëüñòâî � íà îñíîâå ïðèíöèïà ìàêñèìóìà.

∃ óçåë xi0,j0 : |vi0,j0| = max
îò 0 äî Nni,j

|vi,j| = ‖v‖C ; vi0,j0 6= 0. À ýòî íîðìà - íå òà!

Ýòî C(D̄)!

Ñðåäè ýòèõ óçëîâ âûáåðåì îäèí ñ äâóìÿ ñâîéñòâàìè:
1. |vi0,j0| = ‖v‖C ;
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2. Õîòÿ áû â îäíîì èç ÷åòûð¼õ ñîñåäíèõ óçëîâ: |vi,j| < |vi0,j0|.
Îí ñóùåñòâóåò, ïî êðàéíåé ìåðå ïîòîìó, ÷òî íà ãðàíèöàõ íîëü, à â óçëå � íåò.

Íàøå óðàâíåíèå â óçëå:

(
2

h2
1

+
2

h2

2

)vi0,j0 =
vi0−1,j0 + vi0+1,j0

h2
1

+
vi0,j0+1 + vi0,j0−1

h2
2

Ìàæîðèðóåì:

(
2

h2
1

+
2

h2

2

)|vi0,j0| ≤
|vi0−1,j0|+ |vi0+1,j0|

h2
1

+
|vi0,j0+1|+ |vi0,j0−1|

h2
2

Èç ÷åòûð¼õ ñëàãàåìûõ åñòü õîòÿ áû îäíî, â êîòîðîì çíà÷åíèå ñòðîãî ìåíüøå,
âåäü ìû ñòàâèëè ñâîéñòâî óçëà 2.

(
2

h2
1

+
2

h2

2

)‖v‖C < (
2

h2
1

+
2

h2

2

)‖v‖C

� ïðîòèâîðå÷èå. Äîêàçàëè, ÷òî îäíîðîäíàÿ ñèñòåìà èìååò òîëüêî òðèâèàëüíîå
ðåøåíèå.

÷òä.

Ñëåäñòâèå:
Âîçâðàùàåìñÿ ê èñõîäíîé ñõåìå 4.49 - 4.50. Ýòà ñõåìà èìååò åäèíñòâåííîå

ðåøåíèå ïðè ëþáûõ µ è 0f .

Êëþ÷åâîé âîïðîñ � ñõîäèìîñòü è óñòîé÷èâîñòü.

Ñðàçó áóäåì äîêàçûâàòü ñõîäèìîñòü, ïîòîìó ÷òî îíà èòàê åñòü ïî òåîðåìå
Êýëè. Äîêàçûâàòü áóäåì â íîðìå C.

Äàæå àñïèðàíòû ïðè ñäà÷å êàíäìèíèìóìà îò ýòîãî âîþò.
Ïîãðåøíîñòü îöåíèâàåòñÿ íåñëîæíî, èìååò âòîðîé ïîðÿäîê. Èç âñåãî, ÷òî

áûëî, çíàåì, ÷òî åñëè ïîëó÷èì îöåíêó: ‖z‖C ≤ M(h2
1 + h2

2), ãäå M íå çàâèñèò îò
h1, h2, òî ïðè h1 → 0, h2 → 0: ‖z‖C = ‖y − u‖C → 0

Ìîæåò ñðàçó ðàçðåøèì îòíîñèòåëüíî öåíòðàëüíîãî óçëà?

yi−1,j − 2yi,j + yi+1,j

h2
1

+
yi,j−1 − 2yi,j + yi,j+1

h2
2

= fi,j
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Äëÿ áîëüøåé îáùíîñòè ââåä¼ì îïåðàòîð:

Lhvi,j = (
2

h2
1

+
2

h2
2

)vi,j −
vi−1,j + vi+1,j

h2
1

− vi,j−1 + vi,j+1

h2
1

xi,j ∈ ωh
Ëåììà:
Ïóñòü vi,j ≥ 0 íà ãðàíèöå xi,j ∈ Γh, è ïóñòü Lhvi,j ≥ 0 âíóòðè xi,j ∈ ωh. Òîãäà

vi,j ≥ 0 âåçäå xi,j ∈ ω̄h. (ïðèíöèï max)

Äîêàçàòåëüñòâî:
Êàê è ïîëîæåíî, äîêàçûâàåì îò ïðîòèâíîãî.
∃ óçåë xi0,j0: vi0,j0 < 0.
Âûáåðåì, îïÿòü-òàêè, óçåë ñ äâóìÿ óñëîâèÿìè:
1. vi0,j0 < 0;
2. vi0,j0 < vñîñåä.

Ïåðåïèøåì â ýòîì óçëå.

Lhvi0,j0 =
vi0,j0 − vi0−1,j0

h2
1

+
vi0,j0 − vi0+1,j0

h2
1

+
vi0,j0 − vi0,j0−1

h2
2

+
vi0,j0 − vi0,j0+1

h2
2

Îäíî èç ñëàãàåìûõ ñòðîãî ìåíüøå íóëÿ ïî âòîðîìó óñëîâèþ. Òîãäà Lhvi0,j0 < 0
� ïðîòèâîðå÷èå.

Ïîäîéä¼ì ê òåîðåìå ñðàâíåíèÿ, òàì áóäåò ìàæîðàíòà.

Ñëåäñòâèå 1 (äèñêðåòíûé àíàëîã òåîðåìû ñðàâíåíèÿ):

Lnyi,j = φi,j (4.56)

LnYi,j = Φi,j (4.57)

(îáà � xi,j ∈ ωn). yi,j|Γn, Yi,j|Γn çàäàíî.

Óòâåðæäàåòñÿ: åñëè |yi,j| ≤ Yi,j íà ãðàíèöå xi,j ∈ Γn. (Y � ìàæîðàíòà, îíà
âñåãäà íåîòðèöàòåëüíà, ìîæíî òàê ñðàâíèâàòü ñ ìîäóëåì), è åñëè |φi,j| ≤ Φi,j íà
ω, òî |yi,j| ≤ Yi,j � âåçäå.
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×òî ýòî íàì äàåò: ìàæîðàíòó âûáåðåì òàê, ÷òî îöåíêó ñäåëàåì ÷åðåç øàãè, è
ïîëó÷èì àïðèîðíóþ îöåíêó, êîòîðàÿ äîêàçûâàåò ñõîäèìîñòü è ÿâëÿåòñÿ îöåíêîé
óñòîé÷èâîñòè.

vi,j = Yi,j − yi,j; wi,j = Yi,j + yi,j. Ïîäåéñòâóåì Lh:

Lhvi,j = Φi,j − φi,j ≥ 0 (ïîòîìó ÷òî vi,j ≥ 0, xi,j ∈ Γn) � ñëåäîâàòåëüíî
vi,j ≥ 0, xi,j ∈ ωh.

Lhwi,j = Φi,j + φi,j ≥ 0 (ïîòîìó ÷òî wi,j ≥ 0, xi,j ∈ Γn) � ñëåäîâàòåëüíî
wi,j ≥ 0, xi,j ∈ ωh.

Ýòî îçíà÷àåò, ÷òî |yi,j| ≤ Yi,j.

Çàéì¼ìñÿ ïîñòðîåíèåì ìàæîðàíò.

Ïåðåïèøåì çàäà÷ó äëÿ z ÷åðåç îïåðàòîð. Lhzi,j = Ψi,j.

Çíàê çäåñü äåéñòâèòåëüíî ïîìåíÿåòñÿ íà ïðîòèâîïîëîæíûé, ýòî íå îïå-
÷àòêà.

Íàøà çàäà÷à:

 Lhzi,j = Ψi,j xi,j ∈ ωn

zi,j|Γn = 0
(4.58)

Yi,j = K(l21 + l22 − (x
(i)
1 )2 − (x

(j)
2 )2) (4.59)

K > 0 � êîíñòàíòà (âûáåðåì ïîòîì).
Yi,j ≥ 0 xi,j ∈ ω̄h.

Çàäà÷à:
Ïîêàçàòü, ÷òî LhYi,j = 4K

Ðåøåíèå:
Ïîëîæèì LhYij = K1, K1 > 0.
Ïðåäñòàâèì Yij = (l21 + l22 − (x1

(i))2 − (x2
(j))2)K, K > 0

YijLh ≥ 0, xij ∈ ω̄ ⇒
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Ìû áåðåì îò êàæäîãî ïî äâîéêå, à äâå êîíñòàíòû îáíóëÿåì.

YijLh = 4K

Ïîëîæèì ‖|ψ||c = 4K

{
LnYi,j = ‖Ψ‖C , xi,j ∈ ωh; 4K = ‖Ψ‖C
Yi,j|Γn ≥ 0, xi,j ∈ Γn

(4.60)

Ïîïàäàåì â óñëîâèÿ ñëåäñòâèÿ 1, ïîýòîìó |zi,j| ≤ Yi,j íà xi,j ∈ ω̄h.

0 ≤ Yi,j ≤ l21+l22
4 ‖Ψ‖C

M = l21+l22
4 - Ïîëó÷àåòñÿ, ÷òî M çàâèñèò òîëüêî îò ãðàíèö îáëàñòè.

‖z‖C ≤
l21 + l22

4
‖Ψ‖C (4.61)

Ýòî îçíà÷àåò óñòîé÷èâîñòü äëÿ y: âìåñòî Ψ ñòàíåò φ:
4.49 +yi,j|Γn = 0 � â òî÷íîñòè òà çàäà÷à, êîòîðóþ ìû èññëåäîâàëè äëÿ z.

Çíà÷èò,

‖y‖C ≤
l21 + l22

4
‖φ‖C (4.62)

� îíà è îçíà÷àåò óñòîé÷èâîñòü.

Òåîðåìà 2:
u(x1, x2) ∈ C4(D̄)

Òîãäà ðàçíîñòíàÿ ñõåìà 4.49 - 4.50 ñõîäèòñÿ ê ðåøåíèþ çàäà÷è 4.47 - 4.48 ñî
âòîðûì ïîðÿäêîì ïî h1 è h2 (èëè èìååò âòîðîé ïîðÿäîê òî÷íîñòè).

Äîêàçàòåëüñòâî:
‖Ψ‖C ≤M(h2

1 + h2
2), M > 0 íå çàâèñèò îò h1, h2.

Ïîëó÷àåì: ‖z‖C ≤M1(h
2
1 + h2

2). M1 = M l21,l
2
2

4 � íå çàâèñèò îò h1, h2.
À òàê êàê ‖z‖C = ‖y − u‖C � âîò è äîêàçàëè.
÷òä.
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Åäèíñòâåííûé çàâèñøèé âîïðîñ � êàê ðåøàòü-òî? Ïîêàæåì íà ñëåäóþùåé
ëåêöèè: åñòü è ïðÿìûå ìåòîäû, íî ñàìûå ðàñïðîñòðàí¼ííûå � èòåðàöèîííûå.
(Ìåòîä Ñàìàðñêîãî ïðî ïåðåìåííûé òðåóãîëüíèê)

Ìåòîäû ðåøåíèÿ ðàçíîñòíîé çàäà÷è Äèðèõëå.
Ðàçâåðíóòûé âèä:

yi−1 − 2yij + yi+1,j

h2
1

+
yi,j−1 − 2yi,j + yi,j+1

h2
2

= fi,j, i = 1, . . . , N1−1, j = 1, . . . , N2−1

(4.63)

yij |Γn= µij, xij ∈ Γn (4.64)

ò.ê íåîáõîäèìà õîðîøàÿ òî÷íîñòü (h1 → 0, h2 → 0), òî ÷åì ìåíüøå ìû âîçü-
ìåì øàã, òåì âûøå áóäåò òî÷íîñòü.
Âîçìîæíà ñèòóàöèÿ, êîãäà íåîáõîäèìî ðåøåíèå îïåðàòîðà Ëàïëàññà ñ 1000 óðàâ-
íåíèé. Âñòàåò âîïðîñ: "Êàê ðåøàòü"? Âåçäå ïðèìåíÿòü - ýòî íåðàöèîíàëüíî. Ïðè-
ìåíåíèå ìåòîäà Ãàóññà - íåðàöèîíàëüíî. (Ñëîæíîñòü ∼ n3).
Ñàìîå øèðîêîå ïðèìåíåíèå ïîëó÷èë èòåðàöèîíûé ìåòîä.

Óðàâíåíèå äëÿ öåíòðàëüíîãî óçëà:

(
2

h2
1

+
2

h2
2

)yij =
yi−1,j + yi+1,j

h2
1

+
yi,j−1 + yi,j+1

h2
2

− fij,

y
(S)
ij − S-ÿ èòåðàöèÿ.

Ìåòîä ïîïåðåìåííîé èòåðàöèè.

(
2

h2
1

+
2

h2
2

)y
(s+1)
ij =

y
(s)
i−1 + y

(s)
i+1,j

h2
1

+
y

(s)
i,j−1 + y

(s)
i,j+1

h2
2

− fij, (4.65)

y0
ij- íà÷àëüíîå ïðèáëèæåíèå S = 0, 1, . . .

Ïðèìåì h = h1 = h2 ⇒ h0(ε) ∼ O(h−2) ⇒ ñõîäèìîñòü ÷ðåçâû÷àéíî ìåäëåííàÿ.
Ýòî íå ýêîíîìè÷íûé ìåòîä.

Ìåòîä Çåéäåëÿ (íåÿâíûé)

2

h2
1

+
2

h2
2

)y
(s+1)
ij =

y
(s+1)
i−1,j + y

(s)
i+1,j

h2
1

+
y

(s+1)
i,j−1 + y

(s)
i,j+1

h2
2

− fij, (4.66)

y
(0)
i,j -çàäàí, s = 0, 1, 2, . . .
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Ðèñ. 4.9:

Ìû äâèæåìñÿ èç 1 â 2.
y1,j : j = 1, . . . , N2 − 1
y2,j : j = 1, . . . , N2 − 1
ÑËÀÓ: Ay = ϕ - ðàçíîñòíàÿ çàäà÷à. A = A∗ > 0
Ïðåäñòàâèì A = R1 +R2, ãäå R1-ìàòðèöà, èìåþùàÿ íèæíþþ òðåóãîëüíóþ ôîðìó
ñ 0.5ai íà äèàãîíàëè. K2-ìàòðèöà, èìåþùàÿ âåðõíþþ òðåóãîëüíóþ ôîðìó.

(E + wR1)(E + wR2)
y(s+1) − y(s)

τ
+ Ay(s) = ϕ (4.67)

ãäå τ ≥ 0, w > 0, w > τ
4 �íåîáõîäèìîå óñëîâèå ñõîäèìîñòè.

Íà÷àëüíîå óñëîâèå y0-çàäàíî, s = 0, 1, . . .

Îáîçíà÷èì:

1)(e+ wR2)
y(s+1) − y(s)

τ
= W (s+1)

2)(E + wR1)W
(s+1) = ϕ− Ay(s)

3)V (s+1) =
y(s+1) − y(s)

τ

Èç 1-ãî → W (s+1)

Èç 2-ãî → V (s+1)

Èç 3-ãî→ y(s+1) = y(s) + τv(s+1) ⇒ n0(ε) = O(h−1). Ýòîò ìåòîä ÿâëÿåòñÿ âåäóùèì.
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� 7. Îñíîâíûå ïîíÿòèÿ òåîðèè ðàçíîñòíûõ ñõåì: àï-
ïðîêñèìàöèÿ, óñòîé÷èâîñòü, ñõîäèìîñòü

Ñëåäóþùèå âûñêàçûâàíèÿ ïðèñóùå âñåì ëèíåéíûì çàäà÷àì ìàòåìàòè÷åñêîé
ôèçèêè.

LU(x) = f(x), x ∈ G (4.68)

ãäå L-ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð.
x = (x1, . . . , xm)-ëèíåéíûé âåêòîð.

Íà÷èíàåì ñ ïîñòðîåíèÿ ñåòêè.
G→ Gh, h-íåêîòîðàÿ íîðìà øàãîâ (îáîáùåííàÿ õàðàêòåðèñòèêà). Íà ïðàêòè-

êå âûáîð ñåòêè - ñåðüåçíûé âîïðîñ.

Ââîäèì ñåòî÷íûå ôóíêöèè. yh, LH .

Ðàçíîñòíàÿ ñõåìà:

LHyh(x) = ϕn(x), x ∈ Gn, h =| h | (4.69)

Àïïðîêñèìèðóåì èñõîäíóþ äèôôåðåíöèàëüíóþ çàäà÷ó. Íàó÷èìñÿ èçìåðÿòü
ðàññòîÿíèå ìåæäó ôóíêöèÿìè èç ðàçíîñòíûõ íîðìèðîâàííûõ ïðîñòðàíñòâ.
y(x) ∈ B0, x ∈ G
yh(x) ∈ Bh, x ∈ Gh

Ph : Bi → Bh- îïåðàòîð ïðîåêòèðîâàíèÿ.
PhU = Uh(x)- íà ñåòêå x ∈ Gh

Ââîäèì íîðìû, ÷òîáû èññëåäîâàòü ñõîäèìîñòü íà íîðìå.
‖.‖0 -â B0; ‖.‖h - â Bh Íîðìû äîëæíû áûòü ñîãëàñîâàíû lim

h→0
‖uh‖ = ‖u‖0

Ïóñòü îáëàñòü G : 0 ≤ x ≤ 1. Ïîñòðîèì ñåòêó Gh = {xi = ih, i =
0, 1, . . . , N, hN = 1}.

Ðàññìîòðèì ñèëüíóþ íîðìó Ñ:
‖u‖0 = max|u(x)| = ‖u‖C , 0 ≤ x ≤ 1
‖y‖h = max|yi| = ‖y‖C , 0 ≤ x ≤ 1

Íîðìû äîëæíû áûòü ñîãëàñîâàíû.
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Ïðèìåð ñîãëàñîâàííîé íîðìû:

‖u‖0 = (

1∫
0

u2(x)dx)
1
2

‖y‖h = (
N∑
i=0

y2
i h)

1
2

Ïðèìåð íåñîãëàñîâàííîé íîðìû:

‖y‖h = (
N∑
i=0

y2
i )

1
2

- íå ñîãëàñóåòñÿ íè ñ îäíîé íîðìîé â B0

u(x) ≡ 1‖uh‖h = (
N∑
i=0

1)
1
2 = (N + 1)

1
2

Åñëè íîðìà íå ñîãëàñîâàíà, òî âîçìîæíî ñóùåñòâîâàíèå 2-õ ôóíêöèé, ê êîòîðûì
ñõîäèòñÿ èñêîìàÿ.

Ph(u)i = u(xi)

Ph(u)i =
1

h

xi+0.5h∫
xi−0.5h

u(x)dx, i = 1, . . . , N − 1

(Phu)0 =
1

0.5h

0.5h∫
0

u(x)dx, (Phu)N =
1

0.5

1∫
1−0.5h

u(x)dx

Ìîæåì âûáèðàòü îïåðàòîð ïðîåêòèðîâàíèÿ êàê íàì óäîáíî.

Ïóñòü
zh = yh − uh (4.70)
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Ñåò÷àòàÿ ôóíêöèÿ 4.70 íàçûâàåòñÿ ïîãðåøíîñòüþ ðàçíîñòíîé ñõåìû
⇒ yh = zh + uh
Lhzh + Lhuh = ϕn
Lnzn = ψn -ðàçíîñòü,

ψh − Lhuh (4.71)

- íåâÿçêà

Ñåò÷àòàÿ ôóíêöèÿ 4.71 íàçûâàåòñÿ ïîãðåøíîñòüþ àïïðîêñèìàöèè ðàçíîñòíîé
ñõåìû íà ðåøåíèè èñõîäíîé çàäà÷è.

Îïðåäåëåíèå 2:
Ãîâîðÿò, ÷òî ðàçíîñòíàÿ ñõåìà èìååò ê-é ïîðÿäîê àïïðîêñèìàöèè, åñëè

∃M1 > 0, k > 0, íå çàâèñÿùèå îò øàãîâ, äëÿ êîòîðûõ ñïðàâåäëèâà îöåíêà
‖ψn‖h ≤M1h
k-íå îáÿçàòåëüíî íàòóðàëüíîå ÷èñëî.

Çàäà÷à 4.68 ïîñòðîåíà êîîðåêòíî, ò.ê.
1) ∃! u(x) : ∀f(x), x ∈ G,
2) íåïðåðûâíî çàâèñèò îò ïðàâîé ÷àñòè f(x)

Îïðåäåëåíèå 3:
Ãîâîðÿò, ÷òî ðàçíîñòíàÿ ñõåìà íàçûâàåòñÿ êîððåêòíî ïîñòàâëåííîé, åñëè
1)∃! yh ∈ Bh ∀ϕn, 2)∃M2 > 0, íå çàâèñÿùåå îò øàãîâ :

‖yh‖h ≤M2‖ψn‖h (4.72)

Îïðåäåëåíèå 4:
Ãîâîðÿò, ÷òî ðåøåíèå ðàçíîñòíîé çàäà÷è 4.69 ñõîäèòñÿ ê ðåøåíèþ ðàçíîñòíîé

çàäà÷è 4.68, åñëè ‖zh‖h = ‖yh − uh‖h → 0, h→∞

Îïðåäåëåíèå 5:
Ãîâîðÿò, ÷òî ðàçíîñòíàÿ ñõåìà èìååò ê-é ïîðÿäîê òî÷íîñòè (ñõîäèòñÿ ñ ê-ì

ïîðÿäêîì), åñëè ∃M3 > 0, k- íå çàâèñèò îò h ⇒ ‖zh‖h ≤M3h
k

Òåîðåìà 1:
Ïóñòü èñõîäíàÿ çàäà÷à 4.68 êîððåêòíî ïîñòàâëåíà è ïóñòü ðàçíîñòíàÿ ñõåìà

4.69, àïïðîêñèìèðóþùàÿ çàäà÷ó 4.68 - êîððåêòíà ⇒ ðåøåíèå ðàçíîñòíîé çàäà÷è
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ñõîäèòñÿ ê ðåøåíèþ èñõîäíîé ñ ïîðÿäêîì ïîãðåøíîñòè àïïðîêñèìàöèè.

Äîêàçàòåëüñòâî:
‖yh‖h ≤M2‖ϕh‖h, M2 íå çàâèñèò îò h.
‖zh‖h ≤M2‖ψh‖h

‖ψh‖h ≤M1h
k, M1 íå çàâèñèò îò h.

‖zh‖h ≤M3h
k,M3 = M1M2 íå çàâèñÿò îò h.

lim
h→0
‖zh‖h = 0

÷òä.

Âûâîäû: Èçó÷åíèå ðàçíîñòíûõ ñõåì äëÿ ëèíåéíûõ çàäà÷ ïðîõîäèò â 2 ýòàïà:

1. âû÷èñëÿåòñÿ ïîãðåøíîñòü àïïðîêñèìàöèè

2. íàõîäèòñÿ àïðèîðíàÿ îöåíêà (òî åñòü èññëåäóåòñÿ óñòîé÷èâîñòü)

Ïðè äîêàçàòåëüñòâå òåîðåìû 1 èç ïðîøëîé ëåêöèè ìû íå èñïîëüçîâàëè
ñîãëàñîâàííîñòü íîðì. Ïîêàæåì, ÷òî åñëè óñëâîèÿ ñîãëàñîâàííîñòè íå áûëî, òî
ìû íå ìîãëè áû ãàðàíòèðîâàòü, ÷òî åñòü ê íóæíîìó âåêòîðó.

Ìû ïîêàçàëè, ÷òî ïðè h→ 0 ðàçíîñòü ìåæäó ñåòî÷íîé ôóíêöèåé è å¼ ïðîåê-
öèåé â óçëû òî÷å÷íîãî ðåøåíèÿ ñòðåìèòñÿ ê íóëþ:

‖yh − uh‖h → 0, h→ 0,

ò.å. ñóùåñòâóåò u(x) ∈ B0 - ðåøåíèå Lu = f .

Íî äîêàçàííàÿ òåîðåìà íå óòâåðæäàåò, ÷òî íå ñóùåñòâóåò ôóíêöèè
v(x) ∈ B0 òàêîé, ÷òî‖yh − vh‖h → 0, è ïðè ýòîì íå ÿâëÿåòñÿ ðåøåíèåì

À îáåñïå÷èâàåòñÿ ýòî êàê ðàç óñëîâèåì ñîãëàñîâàííîñòè:

‖uh − vh‖h = ‖uh − yh + yh − vh‖ ≤ (íåðàâåíñòâî òðåóãîëüíèêà)

≤ ‖ − yh + uh‖h + ‖yh − vh‖h → 0 ïðè h→ 0

Òàê êàê íîðìà ñîãëàñîâàííàÿ, òî:

lim
h→0
‖uh − vh‖h = ‖u− v‖0 = 0⇒ u(x) ≡ v(x)

Òàêèì îáðàçîì, çàäà÷à ñõîäèòñÿ ê åäèíñòâåííîìó ðåøåíèþ.
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Ãëàâà 5

Ìåòîäû ðåøåíèÿ
îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ
óðàâíåíèé (ÎÄÓ) è ñèñòåì
ÎÄÓ

� 1. Ïîñòàíîâêà çàäà÷è Êîøè è ïðèìåðû ÷èñëåí-
íûõ ìåòîäîâ ðåøåíèÿ çàäà÷è Êîøè

Òåïåðü ïåðåõîäèì ê çàêëþ÷èòåëüíîé ãëàâå êóðñà.

Ïðåäìåò èçó÷åíèÿ - çàäà÷à Êîøè äëÿ ñèñòåìû ÎÄÓ.


du
dt = f(t, u(t)), t > 0,

u(0) = u0;
(5.1)

u(t) = (u1(t), u2(t), . . . , um(t))T

f(t, u(t)) = (f1(t, u(t)), f2(t, u(t)), . . . , fm(t, u(t)))T

Ïåðâûé ôàêò - çàäà÷à íåëèíåéíàÿ (ìàòåìàòèêè ãîâîðÿò, ÷òî ýòî ñëàáàÿ
íåëèíåéíîñòü. Çíà÷èò, ðàçíîñòíûå ñõåìû áóäóò òðåáîâàòü ïîäõîäà, îòëè÷íîãî îò
òîãî, ÷òî ìû ïðèìåíÿëè ðàíåå.
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Ðàññìîòðèì ïàðàëëåëåïèïåä R = {(t, u), |t| ≤ a, |u− u0| ≤ b}.

Èç êóðñà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èçâåñòíî, ÷òî åñëè
ðåøàåì êîððåêòíûå çàäà÷è,òî ìû äîëæíû èìåòü ïðåäñòàâëåíèå î ñóùåñòâîâàíèè
è åäèíñòâåííîòè ðåøåíèÿ, èõ íåïðåðûâíîé çàâèñèìîñòè îò âõîäíûõ äàííûõ.

Åñëè f - íåïðåðûâíàÿ ôóíêöèÿ, ïî âòîðîìó àðãóìåíòó óäîâëåòâîðÿþùàÿ óñëî-
âèþ Ëèïøèöà:

|f(t, u)− f(t, v)| ≤ L|u− v|, L = const,

òî ðåøåíèå çàäà÷è Êîøè ñóùåñòâóåò è åäèíñòâåííî äëÿ íåêîòîðûõ t > 0 (ãîâîðÿò:
ñóùåñòâóåò â ìàëîì).
Äîêàçûâàþò ýòî óòâåðæäåíèå ìåòîäîì Ïèêàðà, ïåðåõîäÿ ê èíòåãðàëüíîìó ñîîò-
íîøåíèþ

u(t) = u(0) +

t∫
0

f(t, u(x))dx

è îðãàíèçóÿ ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ

un+1(t) = u(0) +

t∫
0

f(t, un(x))dx, n = 0, 1, . . .

Íà ïðàêòèêå æå èíòåãðàë â ïðàâîé ÷àñòè ìîæåò íå âû÷èñëÿòüñÿ, ïîýòîìó ñóùå-
ñòâóþò ÷èñëåííûå ìåòîäû ðåøåíèÿ ïîñòàâëåííîé çàäà÷è.

Ñðåäè ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ çàäà÷è Êîøè øèðîêîå ðàñïðîñòðàíåíèå
íàøëè 2 ïîäõîäà:

1. ìåòîäû Ðóíãå-Êóòòà

2. ìíîãîøàãîâûå ðàçíîñòíûå ìåòîäû

È òà, è äðóãàÿ ãðóïïà íàõîäèò øèðîêîå ïðèìåíåíèå íà ïðàêòèêå. Ìû ñêàæåì,
êàêîé èç íèõ êîãäà óäîáíåå, ãäå ìîæíî äîáèòüñÿ áîëüøåé òî÷íîñòè è ò. ä.

Ðàññìîòðèì ïðèìåðû.

Ââåäåì ñåòêó:
ωτ = {tn = nτ, τ > 0, n = 0, 1, 2 . . . }

Ïðèìåð 1:
Ñõåìà Ýéëåðà. ßâíàÿ è íåÿâíàÿ ñõåìà Ýéëåðà îáëàäàþò îäèíàêîâîé ïîãðåø-

íîñòüþ, íî ñ òî÷êè çðåíèÿ óñòîé÷èâîñòè è ñõîäèìîñòè ðàçíûå. ßâíûå ñõåìû
îáû÷íî óñëîâíî óñòîé÷èâûå, â òî âðåìÿ êàê íåÿâíûå - àáñîëþòíî óñòîé÷èâûå.
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Ïóñòü íà ââåäåííîé ñåòêå: un = u(tn), f(tn, y(tn)) = fn; yn − . ßâíàÿ ñõåìà
Ýéëåðà èìååò âèä: {

yn+1−yn
τ = fn, tn ∈ ωτ ,

y(0) = u0;
(5.2)

yn+1 ÿâíî âûðàæàåòñÿ èç ïåðâîãî óðàâíåíèÿ:

yn+1 = yn + τfn

Âñå êîìïîíåíòû â ïðàâîé ÷àñòè èçâåñòíû, òî åñòü yn+1 ìîæíî íàéòè â ÿâíîì
âèäå.
Íåâÿçêà 4.71:

ψn = −un+1 − un
τ

+ f(tn, un) (5.3)

Ñåòî÷íàÿ ôóíêöèÿ 5.3 íàçûâàåòñÿ ïîãðåøíîñòüþ àïðîêñèìàöèè ðàçíîñòíîé
ñõåìû 5.2 íà ðåøåíèå èñõîäíîé çàäà÷è 5.1.

Ðàçëîæèì un+1 â ðÿä Òåéëîðà:

un+1 − un
τ

= u′n +O(τ)

ψn = −u′n + f(tn, un) +O(τ)

Ó÷èòûâàÿ, ÷òî −u′n + f(tn, un) = 0, ïîëó÷àåì:

ψn = O(τ)

Ñîîòâåòñòâåííî, ìû ìîæåì îæèäàòü ñõîäèìîñòü íå âûøå ïåðâîãî ïîðÿäêà.

Ïîãðåøíîñòü:

|yn − u(t0)| ≤Mτ, M > 0íå çàâèñèò îò τ

Ïîçäíåå ìû ïîêàæåì, ÷òî ñõåìà èìååò ïåðâûé ïîðÿäîê òî÷íîñòè.

Ïðèìåð 2:
Ìåòîä Ðóíãå-Êóòòà, äâóõýòàïíûé (èëè ñõåìà ïðåäèêòîð-êîððåêòîð).
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(Ñõåìà ïðåäèêòîð-êîððåêòîð, ñõåìà âòîðîãî ïîðÿäêà, áîëåå òî÷íàÿ, øèðîêî
èñïîëüçóåòñÿ íà ïðàêòèêå)

Ïåðåõîä îò tn ê tn+1 îñóùåñòâëÿþò â 2 ýòàïà:

tn → tn+ 1
2
→ tn+1

Ïîñòàâèì â ñîîòâåòñòâèå çàäà÷å 5.1 ðàçíîñòíóþ ñõåìó, ââåäÿ ïðè ýòîì ïîëóöå-
ëûé ñëîé: 

y
n+1

2
−yn

0.5τ = f(tn, yn)

yn+1−yn
0.5τ = f(tn+ 1

2
, yn+ 1

2
)

y(0) = u0;n = 0, 1, 2, ...

(5.4)

Ðåøåíèå ðåàëèçóåòñÿ ñëåäóþùèì îáðàçîì:

yn+ 1
2

= yn + 0.5fn

yn+1 = yn + τf(tn+ 1
2
, yn + 0.5τf(tn, yn))

Ó íàñ 2 ýòàïà, ïîýòîìó îíà è íàçûâàåòñÿ ñõåìîé ïðåäèêòîð-êîððåêòîð.
Âûâîä ïîãðåøíîñòè àïïðîêñèìàöèè âûâåäåì äëÿ îáùåãî ñëó÷àÿ. Ïîçäíåå

ïîëó÷èì è òî÷íîñòü.

Ïîãðåøíîñòü àïïðîêñèìàöèè îáùåãî äâóõýòàïíîãî ìåòîäà Ðóíãå-
Êóòòà 

yn+1−yn
τ = σ1K1 + σ2K2, σ1, σ2 ∈ R

y0 = u0

K1 = f(tn, yn),

K2 = f(tn + a2τ, yn + b21τK1);

(5.5)

Âåùåñòâåíûå ÷èñëà a è b áóäóò óïðàâëÿòü ïîãðåøíîñòüþ àïïðîêñèìàöèè
(èíäåêñû âûáðàíû äëÿ ñîîòâåòñòâèÿ ñ îáùèì ïîäõîäîì, ðàññìîòðåííûì äàëåå).
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Âîïðîñ íà ýêçàìåíå: Ìû âûáðàëè ñèãìà 3/2 è 4/3 è ïîïðîñèì ïîñ÷èòàòü.
Íà ñàìîì äåëå ñóììà ñèãì äîëæíà áûòü ðàâíà 1, èíà÷å íåò íèêàêîé àïïðîêñè-
ìàöèè!

Ïåðåïèøåì óðàâíåíèå â çàäà÷å 5.5 â âèäå

yn+1 − yn
τ

= σ1f(tn, yn) + σ2f(tn + a2τ, yn + b2τf(tn, yn))

Ñåòî÷íóþ ôóíêöèþ:

ψn = −un+1 − un
τ

+ σ1f(tn, un) + σ2f(tn + a2τ, un + b21τf(tn, un)) (5.6)

5.6 íàçûâàåòñÿ ïîãðåøíîñòüþ àïïðîêñèìàöèè. Ïîëó÷èì îöåíêó äëÿ ψn.

Ðàññêëàäûâàåì â îêðåñòíîñòè (tn, un):

un+1 − un
τ

= u′n +
τ

2
u′′n +O(τ 2)

f(tn + a2τ, yn + b21τf(tn, un)) = f(tn, un) +
∂fn
∂t

a2τ +
∂fn
∂u

b21τf(tn, un) +O(τ2)

Ïåðåïèøåì òåïåðü ψn ó÷èòûâàÿ ýòè ïðåäñòàâëåíèÿ, ñãðóïïèðîâàâ â èòîãå ñëà-
ãàåìûå, óäîáíûì äëÿ îöåíêè ïîãðåøíîñòè îáðàçîì:

ψn = −
(
u′n + 0.5τ

(
∂fn
∂t

+
∂fn
∂u

fn

))
+ σ1f(tn, un) + σ2f(tn, un)+

+σ2
∂fn
∂t

a2τ + σ2
∂fn
∂u

b21τf(tn, un) +O(τ 2) =

= ( òàê êàê u′′n =
d

dt
(f(t, un(t))) =

∂fn
∂t

+
∂fn
∂u

fn) =

= −u′n + (σ1 + σ2)f(tn, un)+

+τ

(
(σ2a2 − 0.5)

∂fn
∂t

+ ((σ2b21 − 0.5))
∂fn
∂u

τf(tn, un)

)
+O(τ 2)

Ïîòðåáóåì âûïîëíåíèé ñëåäóþùèõ óñëîâèé:

1. σ1 + σ2 = 1 (îáåñïå÷èâàåò íàëè÷èå ïîãðåøíîñòè àïïðîêñèìàöèè)
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2. σ2a2 = σ2b21 = 0.5 (äëÿ äîñòèæåíèÿ âòîðîãî ïîðÿäêà àïïðîêñèìàöèè)

Ïîëàãàþò îáû÷íî σ2 = σ, σ1 = 1 − σ Ïîëó÷àåòñÿ ñåìåéñòâî ïàðàìåòðè÷åñêèõ
ñõåì:

yn+1 − yn
τ

= (1− σ)K1 + σK2

Â ïðèâåäåííîì âûøå ïðèìåðå 2: σ = 1, a2 = 0.5, b21 = 0.5, ñõåìà èìååò âòîðîé
ïîðÿäîê àïïðîêñèìàöèè.

Åñëè ïîëîæèòü σ = 0.5, a2 = b21 = 1, òî ïîëó÷èì òàê íàçûâàåìóþ ñèììåòðè÷-
íóþ ðàçíîñòíóþ ñõåìó.

yn+1 − yn
τ

= 0.5(f(tn, yn) + f(tn+1, yn+1))

Ýòà ñõåìà òàêæå èìååò 2-é ïîðÿäîê ïîãðåøíîñòè àïïðîêñèìàöèè (ïîçäíåå äî-
êàæåì, ÷òî îíà èìååò è 2-é ïîðÿäîê òî÷íîñòè)

� 2. Îáùàÿ ñõåìà Ðóíãå-Êóòòà

Ïî ñâîåé èäåå ìíîãîýòàïíûé ìåòîä îçíà÷àåò, ÷òî ïåðåõîäÿ îò tn ê tn+1, ìû
èñïîëüçóåì íåñêîëüêî (m) ïðîìåæóòî÷íûõ ýòàïîâ (è, ñîîòâåòñòâåííî, ìíîæåñòâî
ïàðàìåòðîâ, âëèÿþùèõ íà ïîãðåøíîñòü àïïðîêñèìàöèè).

yn+1 − yn
τ

= σ1K1 + σ2K2 + · · ·+ σmKm

y0 = u0, n = 0, 1, 2, . . .

K1 = f(tn, yn)

K2 = f(tn + a2τ, yn + b21τK1)

K3 = f(tn + a3τ, yn + b31τK1 + b32τK2)

. . .

Km = f(tn + amτ, yn + bm1τK1 + bm2τK2 + · · ·+ bmm−1τKm−1)
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Ïðè ýòîì äîëæíî áûòü âûïîëíåíî óñëîâèå

m∑
i=1

σi = 1 � óñëîâèå àïïðîêñèìàöèè

Ïðè áîëüøèõm ñõåìû Ðóíãå-Êóòòà íà ïðàêòèêå îáû÷íî íå ïðèìåíÿþòñÿ, â ñè-
ëó ãðîìîçäêîñòè ýòèõ ìåòîäîâ. Èñïîëüçóþò ñõåìû òðåòüåãî è ÷åòâåðòîãî ïîðÿäêà.
Íî åñòü îáùåå óòâåðæäåíèå î òîì, ÷òî ìåòîä èìååò òó æå òî÷íîñòü, ÷òî

è ïîãðåøíîñòü àïïðîêñèìàöèè.

Ïðèâåäåì ïðèìåðû äëÿ òðåòüåãî è ÷åòâåðòîãî ïîðÿäêà:

Ïðèìåð. Ñõåìà Ðóíãå-Êóòòà òðåòüåãî ïîðÿäêà.

yn+1 − yn
τ

=
1

6
(K1 + 4K2 +K3)

K1 = f(tn, yn)

K2 = f(tn + 0.5τ, yn + 0.5τK1)

K3 = f(tn + τ, yn − τK1 − 2τK2)

Ïðèìåð. Ñõåìà Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà.

yn+1 − yn
τ

=
1

6
(K1 + 2K2 + 2K3 +K4)

K1 = f(tn, yn)

K2 = f(tn + 0.5τ, yn + 0.5τK1)

K3 = f(tn + 0.5τ, yn + 0.5τK2)

K4 = f(tn + τ, yn + τK3)

Ìû âèäèì, ÷òî çäåñü ïîëó÷èòü ñõåìó âûñîêîãî ïîðÿäêà ïîãðåøíîñòè àïïðîêñè-
ìàöèè òðåáóåò áîëüøèõ âû÷èñëåíèé â ïðàâûõ ÷àñòÿõ. Ýòîò ôàêòîð ñòàâèò ìåòîä
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Ðóíãå-Êóòòà íèæå ìíîãîøàãîâûõ ìåòîäîâ.

Îöåíêà òî÷íîñòè íà ïðèìåðå äâóõýòàïíîãî ìåòîäà Ðóíãå-Êóòòû:

Âñÿ ñëîæíîñòü ïîðîæäåíà íåëèíåéíîñòüþ çàäà÷è

dU

dt
= f(t, U(t)), t > 0 (5.7)

U(0) = U0

Â ïðîøëûé ðàç ìû ïîêàçàëè, ÷òî åñëè:

σa2 = σb2 = 1
2 , òî òîãäà ðàçíîñòíàÿ ñõåìà èìååò âòîðîé ïîðÿäîê ïîãðåøíîñòè

àïïðîêñèìàöèè.

yn+1 − yn
τ

= (1− σ)fn + σf(tn + aτ, yn + aτfn) (5.8)

y0 = U0; n = 0, 1, ....

Ïîëîæèì äëÿ îïðåäåëåííîñòè 0 ≤ σ ≤ 1, a2 = b2 = a

Êàê îáû÷íî ââîäèì ïîãðåøíîñòü zn = yn − Un; Un = U(tn)

Äëÿ ïîãðåøíîñòè ïîëó÷àåì ñëåäóþùóþ çàäà÷ó:

zn = yn − Un

zn+1 − zn
τ

= −Un−1 − Un
τ

+ (1− σ)f(tn, yn) + σf(tn + aτ, yn + aτf(tn, yn)) (5.9)

Ïåðåïèøåì 5.9 â ýêâèâàëåíòíîì âèäå, íî ñôîðìèðîâàâ ïîãðåøíîñòü àïïðîê-
ñèìàöèè íà ðåøåíèè:

zn+1 − zn
τ

= −Un−1 − Un
τ

+ (1− σ)f(tn, Un)+
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+σf(tn + aτ, Un + aτf(tn, Un)) + (1− σ)(f(tn, yn)− f(tn, yn))+

+σ(f(tn + aτ, yn + aτf(tn, yn))− f(tn + aτ, Un + aτf(tn, Un)))

Ñ òàêîé ïðàâîé ÷àñòüþ ðàáîòàòü ñëîæíî.

Îáîçíà÷èì f(tn, yn)− f(tn, Un) = φ
(1)
n

Îáîçíà÷èì f(tn + aτ, yn + aτf(tn, yn)− f(tn + aτ, Un + aτf(tn, Un)) = φ
(2)
n

Òîãäà
zn+1 − zn

τ
= ψn + φ(1)

n + φ(2)
n

Ýòè òðè ñëàãàåìûõ ïðîùå îöåíèòü ïîñëåäîâàòåëüíî.

Äåëàåì ïðåäïîëîæåíèÿ, ÷òî âûïîëíåíî óñë. Ëèïøèöà ïî âòîðîìó àðãóìåíòó.

|f(t, u)− f(t, v)| ≤ L|u− v|,
Òîãäà

|φ(1)
n | = |f(tn, yn)− f(tn, Un)| ≤ L|yn − Un| = L|zn|

|φ(2)
n | = |f(tn + aτ, yn + aτf(tn, yn))− f(tn + aτ, Un + aτf(tn, Un))| ≤

≤ L|yn + aτf(tn, yn)− Un − aτf(tn, Un)| ≤

≤ L(|yn − Un|+ aτ |f(tn, yn)− f(tn, yn)|)

≤ L(|zn|+ aτL|zn|)

Òîãäà:

zn+1 = zn + τψn + (1− σ)τφ(1)
n + στφ(2)

n ;

|zn+1| ≤ τ |ψn|+ (1− σ)τL|zn|+ στL(|zn|+ aτL|zn|) =
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= τL|zn|+ τL(σ + σaτL)|zn|+ τ |ψn|+ |zn|

Ïóñòü a < 1
2 , òîãäà èìååì

|zn+1| ≤ τ |ψn|+ (1 + τL+ 0.5τ 2L2)|zn|

|zn+1| ≤ eτL|zn|+ τ |φn|; eτL = ρ > 0

|zn+1| ≤ ρ|zn|+ τ |ψn|
- ïðèìåíèì ýòî n ðàç ðåêêóðåíòíî

|zn+1| ≤ ρn|z0|+
n∑
j=0

τ |ψj|; ò.ê.|z0| = 0

|zn+1| ≤
n∑
j=0

τ |ψj| = max
0≤j≤n

|ψj|
n∑
j=0

τρn−j =

= tn+1 max
0≤j≤n

|ψj|ρn = tn+1e
τnL‖ψ‖c

Îêîí÷àòåëüíî ïðèõîäèì ê îöåíêå |zn+1| ≤M‖ψ‖c,
ãäå M - ïîëîæèòåëüíàÿ êîíñòàíòà, íå çàâèñÿùàÿ îò τ

ßñíî, ÷òî lim
n→∞
|zn| → 0

Çíà÷èò èìååò ìåñòî ñõîäèìîñòü ìåòîäà.

Íàïîìíèì, ÷òî ñõåìà "ïðåäèêòîð-êîððåêòîð":
1) σ = 1; a = 0.5; ψn = O(τ 2); |zn+1| ≤Mτ 2

Ñèììåòðè÷íàÿ ðàçíîñòíàÿ ñõåìà:
2) σ = 0.5; a = 1; ψn = O(τ 2); |zn+1| ≤Mτ 2

Åñëè σ = 0, a - ëþáîå: òîãäà ψn = O(τ); |zn+1| ≤Mτ
Ýòî ñõåìà Ýéëåðà.
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� 3. Ìíîãîøàãîâûå ðàçíîñòíûå ìåòîäû

Â òàêèõ ìåòîäàõ äëÿ âû÷èñëåíèé íà tn-îì øàãå èñïîëüçóþòñÿ äàííûå ñ
ïðåäûäóùèõ m øàãîâ.

Îïðåäåëåíèå:
Ëèíåéíûì m-øàãîâûì ðàçíîñòíûì ìåòîäîì ðåøåíèÿ çàäà÷è (1) íàçûâàåòñÿ

ìåòîä, çàïèñàííûé óðàâíåíèåì:

m∑
k=0

ak
τ
yn−k =

m∑
k=0

bkfn−k (5.10)

yn−k = y(tn − kτ)

fn−k = f(tn − kτ, yn−k)

Çäåñü ak, bk− äåéñòâèòåëüíûå ÷èñëà k = 0, 1, ....,m, ïðè÷åì:
a0 6= 0
bm 6= 0
τ > 0

Åñëè b0 = 0, ìåòîä íàçûâàåòñÿ ÿâíûì, åñëè b 6= 0 - íåÿâíûì.

y0, y1, ...., ym−1 - ò.í. "ðàçãîííûé ýòàï".
Íà ýòîì ýòàïå ýòè çíà÷åíèÿ îáû÷íî ïîëó÷àþòñÿ äðóãèì ìåòîäîì - íàïðèìåð

ìåòîäîì Ðóíãå-Êóòòû. Áóäåì ñ÷èòàòü, ÷òî îíè óæå çàäàíû.

Ïîïðîáóåì ñðàâíèòü ýòîò ìåòîä ñ ìåòîäîì Ðóíãå-Êóòòû:

Íåäîñòàòêè:
- íàëè÷èå ðàçãîííîãî ýòàïà
- íóæíî ïîìíèòü íà yn øàãå - øàãè yn−1, ..., yn−m
Äîñòîèíñòâà:
- êîìïàêòíàÿ, ïðîñòàÿ ôîðìóëà
- ëåãêî ìîæíî ïîëó÷èòü áîëåå âûñîêèé ïîðÿäîê àïïðîêñèìàöèè
(Ïîçæå îòìåòèì, ÷òî âûñøèé ïîðÿäîê p = 2m)

Óñëîâèå íîðìèðîâêè:

m∑
k=0

bk = 1 (5.11)
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Ïåðåõîäèì ê âû÷èñëåíèþ îöåíêè ïîãðåøíîñòè àïïðîêñèìàöèè.

Ïðåäïîëàãàåì, ÷òî èñõîäíàÿ ôóíêöèÿ îáëàäàåò íóæíîé ãëàäêîñòüþ.

ψn = −
m∑
k=0

ak
τ
Un−k +

m∑
k=0

bkf(tn − kτ, Un−k) (5.12)

Îöåíèì ψn.
Íàïîìíèì, ÷òî Un−k = U(tn − kτ)
Ðàçëîæèì â ðÿä Òåéëîðà â îêðåñòíîñòè tn:

Un−k =

p∑
l=0

(−kτ)l

l!
U (l)(tn) +O(τ p+1)

Òåïåðü ðàçëîæèì ïðàâóþ ÷àñòü:

f(tn − kτ, Un−k) = U ′n−k =

p−1∑
l=0

(−kτ)l

l!
U (l+1)(tn) +O(τ p)

Ïîäñòàâëÿåì â ôîðìóëó äëÿ ψn:

ψn = −
m∑
lk=0

ak
τ

p∑
l=0

(−kτ)l

l!
U (l)(tn) +

m∑
k=0

bk

p−1∑
l=0

(−kτ)l

l!
U(tn) +O(τ p)

Ñìåùàåì èíäåêñû: l + 1 = l′

ψn = −
p∑
l=0

m∑
k=0

ak
τ

(−kτ)l

l!
U (l)(tn)+

+

p∑
l=1

m∑
k=0

bk
l(−kτ)l−1

l(l − 1)!
U (l)(tn) +O(τ p) =

= −
m∑
k=0

ak
τ
U(tn) +

p∑
l=1

(−
m∑
k=0

ak
τ

(−kτ)l

l!
U (l)+

+
m∑
k=0

lbk
(−kτ)l−1

l!
U (l)(tn)) +O(τ p) =

= {
m∑
k=0

ak = 0 - óñëîâèå àïïðîêñèìàöèè } = (5.13)
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= −
m∑
k=0

ak
τ
U(tn) +

p∑
l=1

(−
m∑
k=0

(−kτ)l−1

l!
U (l)(tn) · (kak + lbk)) +O(τ p)

m∑
k=0

kl−1(kak + lbk) = 0; l = 1, 2, ...., p (5.14)

a0, ...., am

b0, ....., bm

Çíà÷èò ó íàñ 2m+ 2 óðàâíåíèÿ èç ýòîé ñèñòåìû è åù¼ p+ 2 óðàâíåíèé.
×òîáû ñèñòåìà ðàçðåøàëàñü, íàäî ÷òîáû p+ 2 ≤ 2m+ 2
Òî åñòü, íàäî ÷òîáû âûïîëíÿëîñü: p ≤ 2m
Çíà÷èò ìåòîä ìîæåò èìåòü íàèâûñøèé ïîðÿäîê - 2m äëÿ äàííîãî m.

Íàïîìíèì, ÷òî
zn+1 − zn

τ
= ψn + φ(1)

n + φ(2)
n

φn - ïîãðàíè÷íàÿ àïïðîêñèìàöèÿ íà ðåøåíèè.

φ
(1)
n = (1− σ)(f(tn, yn)− f(tn, Un))

φ
(2)
n = σ[(f(tn + aτ, yn + aτf(tn, yn))− f(tn + aτ, Un + aτf(tn, Un))]

Ïîëàãàÿ, ÷òî ôóíêöèÿ f(t, u) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ñ êîíñòàíòîé
L ïî 2-îìó àðãóìåíòó, ïîëó÷èì:

|φ(1)
n | ≤ (1− σ)L|yn − Un| = (1− σ)L|zn| - ïî Ëèïøèöó

Ïóñòü 0 ≤ σ ≤ 1; a ≥ 0

|φ(2)
n | ≤ σL|yn + aτf(tn, yn)− Un − aτf(tn, Un)| ≤

≤ σL(|yn − Un|+ aτL|yn − Un|) = σL(1 + aτL)|zn|

φ(1)
n |+ |φ(2)

n | ≤ L|zn| − σL|zn|+ σL|zn|+ σaτL2|zn| = L|zn|+ σaτL2|zn|

Çäåñü äåëàåì äîïóùåíèå, ÷òî σa ≤ 0.5
Òîãäà
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|φ(1)
n |+ |φ(2)

n | ≤ (L+ 0.5τL2)|zn|

À òåïåðü, ò.ê. zn+1 = zn + τψn + τ(φ
(1)
n + φ

(2)
n ), - ïîëó÷àåì îöåíêó:

|zn+1| ≤ (1 + τL+ 0.5τ 2L2)|zn|+ τ |ψn|
Ïðè÷åì ìîæíî îòìåòèòü, ÷òî (1 + τL+ 0.5τ 2L2) ≤ eτL = ρ

Òîãäà ïîëó÷åíà ñèñòåìà

m∑
k=0

ak = 0 (5.15)

m∑
k=0

kl−1(kak + lbk) = 0 l = 1, ...., p (5.16)

m∑
k=0

bk = 1 (5.17)

m∑
k=0

kak = −
m∑
k=0

bk = −1 (5.18)

m∑
k=0

kl−1(kak + lbk) = 0 l = 2, ...., p

b0 = 1−
m∑
k=1

bk; a0 = −
m∑
k=1

ak

Âñåãî òîãäà èìååòñÿ p óðàâíåíèé.
Â êà÷åñòâå íåèçâåñòíûõ: a1, ...., am, b1, ...., bm
Òî åñòü èìååì 2m íåèçâåñòíûõ

Äëÿ òîãî, ÷òîáû ñèñòåìà íå áûëà ïåðåîïðåäåëåííîé, ïîëó÷àåì p ≤ 2m

m∑
k=0

ak
τ
yn−k =

m∑
k=0

bkfn−k

Åñëè b0 = 0, òî ìîæíî ïðè k = 0 âûäåëèòü ñëàãàåìîå:
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ak
τ
yn =

m∑
k=1

bkfn−k −
ak
τ
yn−k)

Çäåñü íàì èçâåñòíû êîìïîíåíòû ïðàâîé ÷àñòè. Òîãäà ÿâíûé ðàçíîñòíûé
ìåòîä âû÷èñëÿåòñÿ ïðîñòî ÷åðåç ïðàâóþ ÷àñòü.

Åñëè b0 6= 0, òîãäà ìåòîä - íåÿâíûé, ò.ê. ñïðàâà åñòü yn;
Òîãäà: âíîâü âûäåëÿåì ak

τ yn − b0fn; çäåñü fn = f(tn, yn) - íåèçâåñòíî.
Îñòàëüíîå - â ïðàâóþ ÷àñòü:

ak
τ
yn − b0fn = F (yn−1, yn−2, ...., yn−m) =

m∑
k=1

(bkfn−k −
ak
τ
yn−k) (5.19)

Ïîëó÷èëè íåÿâíîå íåëèíåéíîå óðàâíåíèå. Òàêîå óðàâíåíèå ðåøàåòñÿ ìåòîäîì
Íüþòîíà, â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âûáèðàþò çíà÷åíèÿ â ïðåäûäóùèå
ìîìåíò âðåìåíè.

Ìåòîä Àäàìñà:

yn − yn−1

τ
=

m∑
k=0

bkfn−k

a0 = 1; a1 = −1;

ak = 0; k ≥ 2

� 4. Ïîíÿòèå óñòîé÷èâîñòè ðàçíîñòíîãî ìåòîäà

Óðàâíåíèå:

yn+1 = qyn n = 0, 1, .... y0 − çàäàíî (5.20)

Ïîêàæåì, ÷òî åñëè |q| > 1, òî ïðîöåññ - íåóñòîé÷èâ.

Î÷åâèäíî, ÷òî íà êàæäîì øàãå íàõîäèì ïðèáëèæåííûå çíà÷åíèÿ. Íàïðèìåð
ïóñòü çäåñü âëèÿåò îêðóãëåíèå çíà÷åíèé â ïðîöåññå âû÷èñëåíèé - |δn|

ỹn = yn + δn

Òîãäà ỹn = qyn + qδn = yn+1 + δn+1
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δn+1 = qδn, çíà÷èò, åñëè |q| > 1, òî ïîãðåøíîñòü âû÷èñëåíèé δn+1 - âîçðàñòàåò
íåîãðàíè÷åííî. Ò.å. íåò óñòîé÷èâîñòè.

Ïðè |q| ≤ 1, δn+1 - íå âîçðàñòàåò, è ìåòîä óñòîé÷èâ.
Ôàêòè÷åñêè áóäåò âûïîëíÿòüñÿ îöåíêà |yn+1 ≤ |yn|

Ðàññìîòðèì âñå âûøåñêàçàííîå íà ìîäåëüíîé çàäà÷å:

U ′(t) + λU(t) = 0; t > 0; (5.21)

U(0) = U0; λ ∈ R λ > 0

Àíàëèòè÷åñêè ïîñ÷èòàåì:

U(t) = U0e
−λt

Ïðè λ > 0 - áûñòðî óáûâàåò ýêñïîíåíòà, âñ¼ â ïîðÿäêå.

Ðåøàåì çàäà÷ó ÷èñëåííî:

ßâíàÿ ñõåìà Ýéëåðà:

dU

dt
= f(t, U(t)) t > 0 (5.22)

Ñõåìà Ýéëåðà äëÿ (2) âûãëÿäèò òàê:

yn − yn−1

τ
= f(tn, yn)

yn − yn−1

τ
+ λyn−1 = 0 y0 = U0

yn+1 = (1− τλ)yn; ïîÿâèëîñü q = 1− τλ
Åñëè |q| ≤ 1 - òîãäà ìåòîä óñòîé÷èâ.

−1 ≤ 1− τλ ≤ 1; τλ ≤ 2; ⇒ 0 ≤ τ ≤ 2

λ
(5.23)

Åñëè τ âûéäåò èç ýòîãî èíòåðâàëà - óñòîé÷èâîñòè íåò. 5.23 - óñëîâèå óñòîé÷è-
âîñòè ÿâíîé ñõåì Ýéëåðà.

Åñëè âçÿòü λ áîëüøèì - ýêñïîíåíòà î÷åíü áûñòðî óáûâàåò, íî ïàðàäîêñ - íàäî
áðàòü î÷åíü ìàëåíüêèé øàã.
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Íåÿâíàÿ ñõåìà Ýéëåðà:

yn+1 − yn
τ

= f(tn+1, yn+1)

yn+1 − yn
τ

+ λyn+1 = 0

yn+1 + τλyn+1 = yn

yn = (1 + τλ)yn+1

yn+1 =
1

1 + τλ
yn

q =
1

1 + τλ
0 < q < 1; |q| < 1

Ýòîò ìåòîä óæå óñòîé÷èâ íåçàâèñèìî îò âûáîðà øàãà τ

Îáùèé m-øàãîâûé ðàçíîñòíûé ìåòîä:

dU

dt
= f(t, U(t)) t > 0 (5.24)

U(0) = U0

dU

dt
+ λU(t) = 0; t > 0

U(0) = U0 − çàäà÷à (5.25)

m∑
k=0

ak
τ
yn−k =

m∑
k=0

bkfn−k (5.26)

y0, y1, ...., ym - ñ÷èòàåì çàäàííûìè (ðàçãîííûé ýòàï);

Ïîä÷åðêíåì, ÷òî ak, bk - íå çàâècÿò îò τ

m∑
k=0

(
ak
τ

+ bkλ)yn−k = 0 (5.27)
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Ïåðåïèøåì:
m∑
k=0

(ak + τbkλ)yn−k = 0 (5.28)

Ðåøåíèå óðàâíåíèÿ 5 èùåòñÿ â âèäå:

yj = qj

Ñîêðàùàåì íà qn−m

F (q, τ) =
m∑
k=0

(ak + τλbk)q
m−k = 0 (5.29)

Óðàâíåíèå 5.28 - õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ ðàçíîñòíûõ ñõåì

Èññëåäóåì |q| < 1 è |q| ≥ 1;
Àíàëèòè÷åñêè - ïðàêòè÷åñêè íåâîçìîæíî.
Íî τ - ìàëî, ïîëîæèì åãî ôîðìàëüíî ðàâíûì íóëþ: τ = 0
Ïîëó÷èì óïðîùåííîå õàðàêòåðèñòè÷åñêîå óðàâíåíèå:

m∑
k=0

akq
m−k = 0 (5.30)

Ââîäÿ è èññëåäóÿ óñòîé÷èâîñòü - ìàòåìàòèêè èñïîëüçóþò èìåííî ýòî óðàâíå-
íèå. Çäåñü íåò ïðàâîé ÷àñòè, ìû ñóäèì îá óñòîé÷èâîñòè ïî ïðîèçâîäíîé.

Îïðåäåëåíèå:
Ãîâîðÿò, ÷òî ðàçíîñòíàÿ ñõåìà óäîâëåòâîðÿåò óñëîâíèþ (α), åñëè âñå êîðíè

õàð-êîãî óðàâíåíèÿ ëåæàò âíóòðè ëèáî íà ãðàíèöå åäèíè÷íîãî êðóãà êîìïëåêñíîé
ïëîñêîñòè, ïðè÷åì íà ãðàíèöå íåò êðàòíûõ êîðíåé.

Ñ òî÷êè çðåíèÿ óñòîé÷èâîñòè ýòî ïîçâîëÿåò ñôîðìóëèðîâàòü ñëåäóþùóþ
òåîðåìó:

Òåîðåìà (áåç äîê-âà):
Ïóñòü ðàçíîñòíàÿ ñõåìà óäîâëåòâîðÿåò óñëîâèþ (α);
Ïóñòü |fn| ≤ L 0 ≤ t ≤ T ; t - êîíå÷íîå.
Òîãäà, äëÿ tn = nτ : 0 ≤ tn ≤ T
è âñåõ äîñòàòî÷íî ìàëûõ τ - âûïîëíÿåòñÿ îöåíêà:

|zn| = |y(tn)− U(tn)| ≤M(
n∑

j=m

τ |ψj|+ max
0≤i≤m−1

|yi − U(ti)|)

M - íå çàâèñèò îò τ
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M - ôóíêöèÿ îò LT : M = M(LT )

Çàìå÷àíèå 1:
Ìåòîäû Àäàìñà óäîâëåòâîðÿþò óñëîâèþ (α);

yn+1 − yn
τ

=
m∑
k=0

bkfn−k; y0 = U0

Ñâåäåì ê âèäó : ïîëó÷àåì q = 1;

Çàìå÷àíèå 2:
Ýòî çàìå÷àíèå êàñàåòñÿ ïîíÿòèé àáñîëþòíîé è óñëîâíîé óñòîé÷èâîñòè - ìû

íå äåëàåì ðàçíèöû ìåæäó íèìè.

Çàìå÷àíèå 3:
Ïóñòü m - íå÷åòíîå. Òîãäà íàèâûñøèé ïîðÿäîê óñòîé÷èâîãî ðàçíîñòíîãî

ìåòîäà - (m+ 1);

Ïóñòü m - ÷åòíîå. Òîãäà íàèâûñøèé ïîðÿäîê óñòîé÷èâîãî ðàçíîñòíîãî ìåòîäà
- (m+ 2)

Åñëè ìåòîä ÿâíûé, òîãäà p = m;

Ïðèìåð:
Ðàññìîòðèì ðàçíîñòíóþ ñõåìó:

yn + 4yn+1 − 5yn−2

6τ
=

2fn−1 + fn−2

3
(5.31)

- ÿâíàÿ ñõåìà.

Çàäà÷à 1:
Ïîêàçàòü, ÷òî äëÿ 5.31 - ïîãðåøíîñòü àïïðîêñèìàöèè - òðåòüåãî ïîðÿäêà O(τ 3)
Ðåøåíèå:
Îáîçíà÷èì

ψn = −un + 4un−1 − 5un−2

6τ
+

2fn−1 + fn−2

3
Óñëîâèÿ, êîòîðûì äîëæåí óäîâëåòâîðÿòü ìíîãîøàãîâûé ðàçíîñòíûé ìåòîä,

äëÿ òîãî, ÷òîáû ïîãðåøíîñòü àïïðîêñèìàöèè èìåëà ïîðÿäîê O(n3):

b0 = 1−
m∑
k=1

bk

a0 = −
m∑
k=1

ak
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m∑
k=1

akk = −1

m∑
k=1

kl−1(akkbk) = 0, l = 2, 3

Ïðè m = 2, a0 = 1
6 , a1 = 2

3 , a2 = −5
6 , b0 = 0, b1 = 2

3 , b2 = −1
3 óñëîâèÿ

âûïîëíÿþòñÿ è ñïðàâåäëèâà îöåíêà O(n3).

Ïîêàæåì, ÷òî ñõåìà íå óäîâëåòâîðÿåò óñëîâèþ (α).
Ïîëó÷àåì õàð-êîå óðàâíåíèå:

q2 + 4q − 5 = 0

q1 = 1; q2 = −5

Ò.ê. |q2| = 5 > 1, çíà÷èò - íåóñòîé÷èâûé ìåòîä.

� 5. Æ¼ñòêèå ñèñòåìû ÎÄÓ

Êðóã çàäà÷, ñâÿçàííûõ ñ æ¼ñòêèìè ñèñòåìàìè, øèðîêèé, è â ñîâðåìåííîé
ïðàêòèêå èäåò ïðîöåññ èçó÷åíèÿ ýòèõ ÷èñëåííûõ àëãîðèòìîâ. Íî åñòü è çàâåð-
øåííûå ðåçóëüòàòû, î êîòîðûõ è ïîãîâîðèì â ýòîì ïàðàãðàôå.

Äëÿ òîãî ÷òîáû ïîíÿòü ñìûñë æ¼ñòêèõ ñèñòåì, íà÷íåì ðàññìîòðåíèå ìî-
äåëüíîé çàäà÷è, êîòîðàÿ áóäåòü êàçàòüñÿ äîâîëüíî èñêóññòâåííîé, íî äà¼ò
âîçìîæíîñòü ïîíèìàíèÿ æ¼ñòêîñòè ñèñòåì ÎÄÓ.

Ðàññìîòðèì ñèñòåìó èç äâóõ íåçàâèñèìûõ ôóíêöèé (âîîáùå ãîâîðÿ):

du1
dt + a1u1(t) = 0, t > 0,

u1(0) = u10, a1 > 0

du2
dt + a2u2(t) = 0, t > 0,

u2(0) = u20, a2 > 0.

(5.32)

(óñëîâèÿ 1 è 2), ïðè ýòîì a1 >> a2 (a1 ìíîãî áîëüøå a2, îáû÷íî � íà íåñêîëüêî
ïîðÿäêîâ).
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Êàæäàÿ èç êîìïîíåíò óáûâàåò, óñòîé÷èâîñòü åñòü ïî êàæäîìó óñëîâèþ, à çíà-
÷èò, ñóùåñòâóåò è ðåøåíèå:

u(t) = (u1(t), u2(t))
T

u1(t) = u10e
−a1t,

u2(t) = u20e
−a2t.

Ðèñ. 5.1: u2(0) áûñòðî óáûâàåò, è ïðè íåêîòîðîì t∗ ñòàíåò ïðàêòè÷åñêè ðàâíûì
íóëþ.

Åñëè áóäåì ðåøàòü çàäà÷ó ÷èñëåííî, òî ðåçóëüòàò áóäåò çàâèñåòü îò òîãî,
êàêóþ ñõåìó âûáåðåì.

• ßâíàÿ ñõåìà Ýéëåðà. 
yn+1
1 −yn1
τ + a1y

n
1 = 0,

yn+1
2 −yn2
τ + a2y

n
2 = 0,

(5.33)

(óñëîâèÿ 3 è 4)

Íà ïðîøëîé ëåêöèè ïîêàçàëè, ÷òî óñòîé÷èâîñòü ñõåìû 5.22 áóäåò ïðè
óñëîâèè 0 < τ < 2

a1
. À äëÿ cõåìû 5.23 � 0 < τ < 2

a2
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×òîáû îáåñïå÷èòü óñòîé÷èâîñòü ñèñòåìû, ìû äîëæíû âûáðàòü ìèíèìàëü-
íûé øàã, ò.å. âòîðîé âàðèàíò óñëîâèÿ.
Òàêèì îáðàçîì, ñïóñòÿ íåêîòîðûé ìîìåíò âðåìåíè ðåøåíèå ïîëíîñòüþ îïðå-
äåëÿåòñÿ ïåðâîé êîìïîíåíòîé, íî ïðè ýòîì øàã ñ÷åòà ëèìèòèðóåòñÿ âòîðîé
êîìïîíåíòîé.

Ìû ìîãëè áû èäòè ñ áîëüøèì øàãîì, íî äëÿ óñòîé÷èâîñòè íàì ïðèõî-
äèòñÿ èäòè ñ î÷åíü ìàëûì øàãîì.

Ïîýòîìó ÿâíûå ñõåìû îêàçûâàþòñÿ íåïðèãîäíûìè â äàííîì ñëó÷àå. Âûõîä
- â ïðèìåíåíèè íåÿâíûõ ñõåì.

• Íåÿâíàÿ ñõåìà Ýéëåðà. 
yn+1
1 −yn1
τ + a1y

n+1
1 = 0,

yn+1
2 −yn2
τ + a2y

n+1
2 = 0,

(5.34)

Ñõåìû ýòè àáñîëþòíî óñòîé÷èâû, øàã ðåãëàìåíòèðîâàí òîëüêî óñëîâèÿìè òî÷íî-
ñòè, íî íèêàê íå óñòîé÷èâîñòè.

Íåñìîòðÿ íà èñêóññòâåííîñòü äàííîãî ïðèìåðà, â æåñòêèõ ñèñòåìàõ òàêàÿ æå
êàðòèíà. Â ñèñòåìå èç n óðàâíåíèé åñòü áûñòðîóáûâàþùèå êîìïîíåíòû è ìåäëåí-
íî óáûâàþùèå. Ýòî áóäåò ñâÿçàíî ñî ñïåêòðîì ìàòðèöû ñèñòåìû, äåéñòâèòåëüíûå
÷àñòè ñîáñòâåííûõ çíà÷åíèé êîòîðîé áóäóò ñèëüíî îòëè÷àòüñÿ.

Íà÷íåì ñ ëèíåéíûõ ñèñòåì:

du

dt
+ Au(t) = 0, t > 0 (5.35)

A(m×m) ñ ïîñòîÿííûìè ÷èñëàìè (íå çàâèñèò îò âðåìåíè), u(0) = u0. (ñèñòåìà
5)

Îïðåäåëåíèå:
Ñèñòåìà ëèíåéíûõ óðàâíåíèé (5) íàçûâàåòñÿ æåñòêîé, åñëè:
1)

ReλAk > 0, k = 1,m

2)

s =
max1≤k≤m|ReλAk |
min1≤k≤m|ReλAk |

>> 1
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(s � ÷èñëî æåñòêîñòè).

Ïðèìå÷àíèå:
Åñëè ðàçëè÷èå â óñëîâèè 2 - íà 2-3 ïîðÿäêà, òî óæå ñèñòåìó íàçûâàþò æåñòêîé.

Ïåðâîå óñëîâèå îçíà÷àåò óñòîé÷èâîñòü ïî Ëÿïóíîâó. À âòîðîå � ÷èëî æåñòêîñòè
� äîëæíî áûòü áîëüøèì. Ýòî êàê ðàç ãîâîðèò î ðàçáðîñå ñîáñòâåííûõ çíà÷åíèé
(èõ äåéñòâèòåëüíûõ ÷àñòåé).

Ðàññìîòðèì òåïåðü íåëèíåéíóþ çàäà÷ó Êîøè.

du

dt
= f(t, u(t)), t > 0 (5.36)

u(0) = u0

u(t) = (u1(t), u2(t), . . . , um(t))T

.

f(t, u(t)) = (f1(t, u(t)), f2(t, u(t)), . . . , fm(t, u(t)))T

(ñèñòåìà 6)

Áîëüøèíñòâî ìåòîäîâ, êîòîðûå ìû èñïîëüçîâàëè ïðè ðåøåíèè îäíîãî óðàâ-
íåíèÿ, ñþäà ëåãêî ïåðåíîñÿòñÿ. Íî âîçíèêàþò îñîáåííîñòè, ñâÿçàííûå ñ òåì,
÷òî êîìïîíåíòû âåêòîðà u ìîãóò âåñòè ñåáÿ ïî-ðàçíîìó (áûñòðî è ìåäëåííî
óáûâàòü), ÷òî óñëîæíÿåò ÷èñëåííîå èíòåãðèðîâàíèå.

Ââåäåì ïîíÿòèå æåñòêîñòè. Ïðè îïðåäåëåíèè èñõîäÿò èç ëèíåàðèçîâàííîé
ñèñòåìû.

Ïðîâåäåì ïðîöåññ ëèíåàðèçàöèè â îêðåñòíîñòè íåêîòîðîãî èçâåñòíîãî ðåøå-
íèÿ.

Ïóñòü v(t) � íåêîòîðîå èçâåñòíîå ðåøåíèå çàäà÷è. Ðàññìîòðèì âåêòîð

z(t) = u(t)− v(t)

Ïðàâóþ ÷àñòü (â ïðåäïîëîæåíèè íóæíîé ãëàäêîñòè) ðàñêëàäûâàåì ïî ôîðìó-
ëå Òåéëîðà:

dzk
dt

= fk(t, v(t) + z(t))− fk(t, v(t)), k = 1,m
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dzk
dt

= fk(t, v(t)) +
∂fk
∂u1

(t, v(t))z1(t) + . . .+
∂fk
∂um

(t, v(t))zm(t) + o(|z|)− fk(t, v(t))

Òàêèì îáðàçîì ïîëó÷àåì:

∂z

∂t
= J(t, v(t))z (5.37)

(ñèñòåìà 7)

J(t, v(t))z = aij =
∂fi(t, v(t))

∂uj
, i, j = 1, n.

Ñèñòåìà (7) íàçûâàåòñÿ ñèñòåìîé ïåðâîãî ïðèáëèæåíèÿ.

Ââåäåì ïîíÿòèå æåñòêîñòè:

s =
maxReλJk
minReλJk

Îïðåäåëåíèå:
Ñèñòåìà (6) íàçûâàåòñÿ æåñòêîé íà ðåøåíèè v(t) è ìîìåíòå âðåìåíè 0 ≤ t ≤ T ,

åñëè âûïîëíåíû 2 óñëîâèÿ:

1. ReλJk < 0

2. s(t) >> 1

� 6. Äàëüíåéøåå îïðåäåëåíèå óñòîé÷èâîñòè è ïðè-
ìåðû ðàçíîñòíûõ ñõåì èíòåãðèðîâàíèÿ æåñòêèõ ñè-
ñòåì ÄÓ

Êîíå÷íî, èññëåäóÿ óñòîé÷èâîñòü æåñòêèõ ñèñòåì, ìû ìîæåì èñõîäèòü èç
íàøåãî ñòàðîãî îïðåäåëåíèÿ óñòîé÷èâîñòè. Íî ïðè èíòåãðèðîâàíèè æåñòêèõ
ñèñòåì ââîäÿò áîëåå óçêèå îïðåäåëåíèÿ.

Ïîñòàâèì èñõîäíóþ çàäà÷ó:

du

dt
= f(t, u(t)), t > 0, u(0) = u0 (5.38)
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Ëèíåàðèçóÿ, ïîëó÷àåì
du

dt
= Λu(t), t > 0 (5.39)

u(0) = u0

Λ � ñîáñòâåííûå çíà÷åíèå ìàòðèöû ïåðâîãî ïðèáëèæåíèÿ J :

Λ = ΛJ

Ïðîâåäåì àïïðîêñèìàöèþ � áóäåò âîçíèêàòü êîìïëåêñíûé ïàðàìåòð:

τλ = µ, µ = µ0 + iµ1

Îïðåäåëåíèå:
Îáëàñòüþ óñòîé÷èâîñòè ðàçíîñòíîãî ìåòîäà äëÿ çàäà÷è 5.38 íàçûâàåòñÿ ìíî-

æåñòâî òî÷åê êîìïëåêñíîé ïëîñíîñòè µ = τλ, äëÿ êîòîðûõ äàííûé ìåòîä, ïðèìå-
íåííûé ê óðàâíåíèþ 5.39, óñòîé÷èâ.

ßâíàÿ ñõåìà Ýéëåðà:

yn+1 − yn
τ

= f(tn, yn)

yn+1 − yn
τ

= λyn

(ïðèìåíèòåëüíî ê çàäà÷å 1 è 2 ñîîòâåòñòâåííî).

yn+1 = yn + τλy0 = (1 + µ)yn

|1 + µ| ≤ 1

|1 + µ0 + iµ1| ≤ 1

(1 + µ0)
2 + µ2

1 ≤ 1

Îáëàñòü óñòîé÷èâîñòè � âíóòðåííîñòü êðóãà ñ öåíòðîì (−1, 0).

Íåÿâíàÿ ñõåìà Ýéëåðà:

yn+1 − yn
τ

= f(tn+1, yn+1)

yn+1 − yn
τ

− λyn+1 = 0

(ïðèìåíèòåëüíî ê äâóì çàäà÷àì ñîîòâåòñòâåííî)

yn+1 = yn + τλyn+1
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Ðèñ. 5.2:

(1− µ)yn+1 = yn

yn+1 =
1

1− µ
yn

Äëÿ îáåñïå÷åíèÿ óñòîé÷èâîñòè òðåáóåì:

| 1

1− τλ
| ≤ 1

|1− µ| ≥ 1

(1− µ0)
2 + µ2

1 ≥ 1

Ðèñ. 5.3:
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Îïðåäåëåíèå:
Ðàçíîñòíûé ìåòîä A-óñòîé÷èâûé, åñëè îáëàñòü åãî óñòîé÷èâîñòè ñîäåðæèò âñþ

ëåâóþ ïîëóïëîñêîñòü êîìïëåêñíîé ïëîñêîñòè (ò.å. Re(µ) < 0). (ðèñ. 5.4)

Ðèñ. 5.4:

Òàêèì îáðàçîì, ÿâíàÿ ñõåìà Ýéëåðà íå ÿâëÿåòñÿ -óñòîé÷èâîé, à íåÿâíàÿ �
A-óñòîé÷èâà.

Çàìå÷àíèå: Åñëè ðàçíîñòíûé ìåòîä A-óñòîé÷èâ, òî îí àáñîëþòíî óñòîé÷èâ,
ò.å. Óñòîé÷èâ ïðè ëþáûõ τ > 0.

Îêàçûâàåòñÿ, ýòèì óñëîâèåì A-óñòîé÷èâîñòè îáëàäàåò î÷åíü óçêèé íàáîð ñõåì.

Äîêàçàíî, ÷òî ÿâíûõ A-óñòîé÷èâûõ ìåòîäîâ â ïðèðîäå íå ñóùåñòâóåò. Òàêæå
äîêàçàíî, ÷òî ñðåäè íåÿâíûõ ñóùåñòâóþò ðàçíîñòíûå ìåòîäû íå âûøå âòîðîãî
ïîðÿäêà.

Â êà÷åñòâå ïðèìåðà, ðàññìîòðèì ñèììåòðè÷íóþ ñõåìó:

yn+1 − yn
τ

= 0.5(f(tn, yn) + f(tn+1, yn+1))

Ïðèìåíèòåëüíî ê çàäà÷å 5.39, ðàçíîñòíàÿ ñõåìà ïðèìåò âèä:

yn+1 − yn
τ

= 0.5λ(yn + yn+1)

(yn+1 − yn)− 0.5µ(yn + yn+1) = 0

(1− 0.5µ)yn+1 = (1 + 0.5µ)yn

yn+1 = qyn, q =
(1 + 0.5µ)

(1− 0.5µ)

|q| ≤ 1
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|1 + 0.5µ| ≤ |1− 0.5µ|

(1 + 0.5µ0)
2 + µ2

1 ≤ (1− 0.5µ0) + µ2
1

1 + µ0 + 0.25µ2
0 ≤ 1− µ0 + 0.25µ2

0

µ0 ≤ 0

.

Ðèñ. 5.5:

Òàêèì îáðàçîì, ñõåìà ÿâëÿåòñÿ A-óñòîé÷èâîé.

Êîëü êðóã îêàçàëñÿ óçêèé, òî áûëî ñäåëàíî ñìÿã÷åíèå â îïðåäåëåíèè, è áûëî
ââåäåíî ïîíÿòèå A(α)-óñòîé÷èâîãî ìåòîäà:

Îïðåäåëåíèå: Ðàçíîñòíûé ìåòîä íàçûâàåòñÿ A(α)-óñòîé÷èâûì, åñëè îáëàñòü
åãî óñòîé÷èâîñòè ñîäåðæèò óãîë ëåâîé ïîëóïëîñêîñòè: | arg(−µ)| < α

Â ÷àñòíîñòè, (π2 )-óñòîé÷èâûé ìåòîä åñòü A-óñòîé÷èâûé.

Îêàçàëîñü, ÷òî ÿâíûõ A(α)-óñòîé÷èâûõ ìåòîäîâ íå ñóùåñòâóåò. À ñðåäè íåÿâ-
íûõ áûëè ïîñòðîåíû ñõåìû òðåòüåãî è äàæå ÷åòâåðòîãî ïîðÿäêà òî÷íîñòè (÷èñòî
íåÿâíûå, ïðàâàÿ ÷àñòü áåðåòñÿ òîëüêî íà Tn, íà ïîñëåäíåì âðåìåííîì ìîìåíòå).

Â çàêëþ÷åíèå, ïðèâåäåì ïðèìåð ñõåìû 4 ïîðÿäêà:

25yn+4 − 48yn+3 + 36yn+2 − 16yn+1 + 3yn
12τ

= f(tn+4, yn+4)

Òàêàÿ ñõåìà èìååò ÷åòâåðòûé ïîðÿäîê è ïðè íåêîòîðîì α > 0 ÿâëÿåòñÿ A(α)-
óñòîé÷èâîé.
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Ðèñ. 5.6:

Ðèñ. 5.7:
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